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Abstract 
Computer modelling provides powerful and flexible methodology for the predictive 
simulation of complex flow systems. However, despite the versatility of this 
methodology quantitative modelling of blood flow through human heart presents a 
difficult and challenging problem. Although derivation of appropriate governing 
equations representing combined blood flow and soft solid deformation of the tissues 
of heart valves does not pose any particular theoretical problems. Accurate solution of 
such equations is not a trivial matter. Another source of complexity in the modelling 
of a biological system such as blood flowlheart valve deformation is the uncertainties 
associated with the available physical and rheologicaldata that are required to obtain 
quantitative simulations. Variations between individual situations is usually 
considerable which precludes broad generalizations. In this research project an 
attempt has been made to identify the most important aspects of the blood flow 
through human heart valves. This has led to making rational approximations which 
render the development of a model for the described system both possible and 
meaningful. The main focus have been on the best use of available software and 
mathematical schemes. In cases where existing computational or mathematical tools 
were considered to be incapable of tackling realistic situations new techniques have 
been developed. It has been shown that using the modelling methodology which is 
developed in this research study a number of important and reliable conclusions about 
the operation of heart valves can be drawn. This information can in turn be used to 
design artificial heart val~es. 
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CHAPTER 1 
Introduction 
Computer simulation of fluid dynamical phenomena started in the second half of the 
twentieth century. Early models relied on crude schemes and could only be used to 
solve basic equations. This was mainly due to the extremely limited power of 
computers which could not handle sophisticated mathematical schemes needed to 
sol ve complex fluid flow problems. In line with rapid advances in computer 
technology significant progress was made in computer modelling of flow systems and 
investigators working in various research centres worldwide developed simulation 
schemes for realistic fluid flow conditions. Currently, computer modelling is regarded 
as an indispensable method for quantitative analysis flow systems. Computer 
simulations combined with sophisticated graphical displays provide extremely 
powerful tools for research and development scientists and engineers who need 
accurate quantitative predictions for fluid flow problems. The use of computational 
fluid dynamics in the areas of bio-fluid research is however, relatively new. The main 
reason for this is mainly the difficulty of bridging the traditional gap between 
investigators who are involved with biological research and physicists and engineers. 
Potential benefits of cooperation between these two groups is however, increasingly 
recognized by both sides. In recent years therefore, significant numbers of 
computational modellers have started to develop realistic models for bio-fluid 
systems. 
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1.1 Aim of the project 
The main aim of the present study has been to contribute to understanding the 
modelling of blood flow through human heart valves. The specific objective has been 
to construct a modelling methodology which can take into account as many realistic 
features of the described flow system as possible. From a fluid dynamical point of 
view this problem can be described as a transient three dimensional non-Newtonian 
two phase flow in a geometrically variable domain. It is not also quite clear whether 
such a flow system remains laminar or, at least occasionally, becomes turbulent. 
Further complications may stem from the porous structure of the tissue surrounding 
heart valves. Obviously solution of all these problems at once is not a realistic goal. 
Therefore using a large body of medical knowledge about the structure of heart valves 
and the physical and rheological characteristics of human blood some rational 
assumptions should be made to simplify the problem whilst maintaining its most 
salient features to make it useful from a practical point of view. In the following 
chapters of this thesis the adopted methodology in the present study is explained. This 
methodology utilizes a number of rational approximations which are based partly on 
the evidence provided by other investigators and partly on judgments related to sound 
theoretical considerations. 
1.2 Structure of the thesis 
Following the introductory chapter, which includes a brief account of reported 
activities of main research centres involved in the modelling of heart valve operations, 
in chapter two human heart physiology, its operation, and the physical and rheological 
characteristics of blood are briefly discussed and along with challenges posed by the 
complexity of the problem. In chapter three the governing equations of the 
2 
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constructed model are explained. In chapter four computational methodology 
including the use of commercial software for the sections of the modelling scheme 
have been described. In chapter five selected simulation results are presented, 
analyzed and interpreted. Utilization of the developed methodology as a computer 
based analysis aid that can be used to contribute to the design of artificial heart valves 
is also explained in this chapter. Finally in chapter six conclusions of the present study 
and its possible extensions to obtain more realistic simulations for heart valves are 
discussed. The thesis also includes list of references and appendices outlining 
academic publications which have resulted from this work. 
1.3 Notable examples of ongoing research based on modelling of 
heart valves 
In recent years a number of investigators have attempted to develop simulation 
methodologies for blood flow through heart valves. 
The main motivation for these research has been the collection of predictive data 
which can be used in the design of artificial heart valves. Notable examples of such 
research are: 
1- Research at Georgia Tech is aiming to develop advanced Computational Fluid 
Dynamics (CFD) techniques and apply them in conjunction with experiments to study 
blood flow turbulence in heart valves. 
Georgia Tech is attempting to go on a virtual journey along with platelets and blood 
cells through the valve and identify design elements that induce turbulence patterns, 
which could be harmful to blood elements. This cannot be done experimentally. Yet, 
they must rely on experiments to make sure that their virtual blood flow environment 
closely represents reality. 
3 
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The team is working to adapt advanced CFD modelling techniques developed for 
simulating turbulent flows past bridge foundations in natural rivers and through 
hydraulic turbines in hydropower installations to prosthetic heart valves. In spite of 
many common elements with hydraulic engineering applications, the heart valve 
problem is so complex that its solution necessitates new advancements and innovation 
in computational algorithms. 
Unlike hydraulic engineering applications, where the water flow is fast enough to 
remain chaotic and turbulent all the time, the beating heart causes the blood flow 
through the valve to change its speed and direction continuously. 
For the most part, the flow is ordered and laminar except for a brief period of time 
near peak systole when the blood flow becomes chaotic and turbulent. It is during this 
brief interval when engineers suspect that the flow environment could become most 
hazardous to blood elements. The team will pioneer the development and application 
of advanced models of turbulence that can accurately model flows continuously 
transitioning back and forth from a laminar to a turbulent state. 
Even though artificial heart valves have saved millions of lives over the past four 
decades, modem designs are less than ideal. To date, more than 50 different designs 
have been developed, a majority of them have failed in their clinical utility. The flow 
of blood across modem mechanical heart valves, such as biIeaflet and tilting disc 
designs, is more turbulent than normal blood flow, which can lead to blood clots and 
strokes. This requires valve recipients to be on lifelong anticoagulant therapy (blood 
thinners). 
In the 21st century we need to design and evaluate medical devices such as artificial 
heart valves using state-of-the-art engineering and biological tools. 
4 
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A unique aspect of the Georgia Tech approach is that they will rely heavily on a close 
synergy between modellers and experimentalists to produce experimental data sets for 
validating and refining the simulation tools. In the past, CFD modelling and 
experiments were conducted independently of each other. The Georgia Tech team will 
design experiments tailor-made to provide the precise information needed to validate 
and improve the CFD models. Such synergy would ensure the development of a 
reliable modelling tool, which, coupled with rapid advancements in computational 
power, will pave the way for incorporating CFD into a virtual design environment. 
Engineers and medical doctors will be able to use these computational tools to 
interactively modify a given valve design and assess the hemodynamic implications of 
their modifications in real-time (Georgia Tech, 2007). 
2- A team at Imperial College are adapting technology originally developed to 
simulate air flow through a reciprocating internal combustion engine so that it can be 
applied to study the human heart. 
CFD is most commonly used now to plan heart-bypass surgery. Surgeons simulate 
blood flow through the heart via CFD then program their findings into CAD software, 
where they design a patient-specific arterial bypass. Imperial's research team, on the 
other hand, aims to simulate how a weak heart muscle affects blood flow. The 
simulations would help researchers improve pacemakers and artificial heart valves. 
Doctors have been interested for some time in knowing about blood flow behaviour in 
the heart and how it differs between healthy patients and those suffering from heart 
illnesses. 
Little is known about the effects of heart irregularities on the flow. Though CFD has 
already been used extensively to study artificial valves, little research has been done 
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to evaluate how they affect blood flow when actually placed in a patient. Imperial's 
team simulations will look at that. 
Measurement techniques like magnetic resonance imaging (MRI) give doctors 
information about patient blood flow and offer them a glimpse of how it might be 
affected by a pacemaker or artificial heart valve, but MRIs do not return the level of 
detail that CFD simulations depict. Imperial's team approach combines MRIs with 
CFD simulation. The information obtained by an MRI is in the form of a thin, two-
dimensional image slice. Imperial's team takes MRIs at varied parts of a ventricle as it 
fills with and empties of blood. The images combine to show how the chamber looks 
during the entire cycle. That image is then modelled with CFD. For modelling, the 
team uses Star-CD software from CD-adapco of New York. 
With the model, doctors can predict how blood flow would change if a pacemaker or 
artificial valve were placed in the heart. It also lets doctors look at what-if scenarios 
that they can not run on the real subjects. 
At first, the simulations would be used to help diagnose patients, and the Imperial 
team hopes that doctors eventually will study a particular patient's CFD simulations to 
plan surgery (Gosman, 2007). 
Manufacturers of heart valves can also use the CFD method to optimize their designs 
to minimize hazards to blood elements. 
Along with the exciting opportunities, however, comes the challenge of ensuring that 
CFD does not become colourful science fiction, but remains grounded to the physical 
reality it is intended to simulate. Advances in other medical technologies make that 
likely. 
A major difficulty in applying CFD to cardiovascular flows stemmed from medical 
researchers' lack of understanding about the exact geometry of the various blood 
6 
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vessels that serve as the basis for a CFD model. Nowadays, major advances in MRI 
techniques have improved the accuracy of models of blood vessels. 
The availability of anatomically realistic geometries has opened new horizons for 
CFD and paved the way for CFD to make a major mark in the field of biomedical 
engineering (Mechanical Engineering Magazine, 2007). 
The term virtual surgery no longer sounds like catchy phrases from a science-fiction 
novel; it's going to become reality in the coming decades (Sotiropoulos, 2007). 
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Blood Flow Through Heart Valves 
Basic Concepts 
Introduction 
The heart is one of the most vital organs of human physiology. Its health and efficient 
operation determines well beings of all humans throughout their lifetime. Despite its 
robust build and relative strength due to its complicated structure it is prone to many 
forms of deficiency and disease. However, advances in cardiology has made it 
possible to cure many forms of heart disease or at least compensate for some forms of 
deficiency by replacing some of its sections via transplanting. These advances have 
been mainly based on experimental observations conducted by medical scientists, 
pharmacologists and surgeons. In an overwhelming majority of cases these 
researchers have relied on experimental studies using trial and error. Direct theoretical 
deductions, as used in physical sciences and engineering, have not been a routine 
feature of medical research. Progress in computer simulation techniques, however, 
provides means of obtaining quantitative data about complex phenomena. Therefore it 
has become increasingly possible to employ computer modelling methodologies to 
study operations of biological systems. 
It is self evident that even a very brief discussion of the human heart's physiology, 
operation, diseases and related surgery techniques is beyond the scope of the present 
research which, as mentioned in the introductory chapter, is concerned solely with the 
computer simulation of blood flow through heart valves. Here the problem is treated 
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as the construction of a suitable mathematical model for a specific fluid dynamical 
phenomenon and the computer solution of the constructed model to obtain 
quantitative data regarding flow patterns, pressure drop and stress built up in heart 
valve muscles. However, in order to relate a purely mathematical research to the 
prediction of the operations of heart valve a rudimentary knowledge of the human 
heart's physiology and operations is required. Therefore in this chapter an attempt has 
been made to highlight the most salient and obvious anatomical features of the human 
heart, its operation and maladies affecting the valves through which blood flows. The 
aim is to identify the most basic form to which such a complex system can be reduced 
in order to be able to construct a useful mathematical model that can yield quantitative 
predictions about heart valve operations. 
2.1 Human Heart 
The heart weighs between 0.2 and 0. 425 kilograms and is a little larger than the size 
of a fist. By the end of a long life, the heart may have beat (expanded and contracted) 
more than 3.5 billion times. In fact, each day, the average heart beats 100,000 times, 
pumping about 7,571 litres of blood (American Heart Association, 2004). 
The heart is located between the lungs in the middle of the chest, behind and slightly 
to the left of the breastbone (sternum). A double-layered membrane called the 
pericardium surrounds the heart like a sac. The outer layer of the pericardium 
surrounds the roots of heart's major blood vessels and is attached by ligaments to the 
spinal column, diaphragm, and other parts of the body. The inner layer of the 
pericardium is attached to the heart muscle. A coating of fluid separates the two layers 
of membrane, letting the heart move as it beats, yet still be attached to the body. 
9 
Chapter 2 Blood Flow Through Heart Valves. Basic Concepts 
The heart has 4 chambers. The upper chambers are called the left and right atria, and 
the lower chambers are called the left and right ventricles. A wall of muscle called the 
septum separates the left and right atria and the left and right ventricles. The left 
ventricle is the largest and strongest chamber in the heart. The left ventricle's chamber 
walls are only about a 12mm thick, but they have enough force to push blood through 
the aortic valve and into the body. 
Fundamentally heart is a pump continuously regulating blood flow through the veins 
and arteries throughout the body. Through the action of this organ blood without 
oxygen returns from the body and flows into the heart's upper-right chamber (the right 
atrium). From there, it is forced through the tricuspid valve into the lower-right 
chamber (the right ventricle). The right ventricle pumps the blood through the 
pulmonary valve and into the lungs. Whilst in the lungs the blood picks up oxygen. 
As the right ventricle is preparing to push blood through the pulmonary valve, the 
tricuspid valve closes to stop blood from flowing back into the right atrium. 
Oxygen-rich blood returning from the lungs flows into the upper-left chamber (the left 
atrium). This blood is forced through the mitral valve into the lower-left chamber (the 
left ventricle}-with the mitral valve sealing off to stop the backflow of blood. At the 
same time that the right ventricle is pumping the blood without oxygen into the lungs, 
the left ventricle is pushing the blood with oxygen through the aortic valve and on to 
all of the body's organs. 
2.1.1 Heart Valves 
Four types of valves regulate blood flow through the heart (figure 2.1): 
~ The tricuspid valve regulates blood flow between the right atrium and right 
ventricle. 
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~ The pulmonary valve controls blood flow from the right ventricle into the 
pulmonary arteries, which can'y blood to the lungs to pick up oxygen. 
~ The mitral valve lets oxygen-rich blood fi'om the lungs pass fi'om the left 
atrium into the left ventricle. 
~ The aOJtic valve opens the way fo r oxygen-rich blood to pass from the left 
ventricle into the aOJta, the body's largest artery, where it is del ivered to the 
rest of the body. 
Systole 
Figure 2.1 Blood circu lation through the heart valves (Texas Heart lnstitute, 2004) 
2.1.2 Disruption of blood Ilow through heart valves 
Essentially, blood flow through the vaJves can be disrupted because of regurgitation 
or stenosis. 
Regurgitatioll is aJso called insu fficiency or incompetence. Regurgitation bappens 
when a vaJve doesn't close properly and blood leaks backward instead of I110ving in 
the proper one-way flow. If too much blood flows backward, only a smaJ l amount can 
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travel forward to the body's organs. The heatt hies to make up for this by working 
harder, but with time the heart will become enlarged (dilated) and less able to pump 
blood through the body. 
Stenosis happens when the leaflets do not open wide enough and only a small amount 
of blood can flow through the valve; this occurs when the leaflets thicken, stiffen, or 
fuse together. Because of the narrowed val ve, the heart must work harder to move 
blood through your body (Texas Heart Institute, 2004). 
2.1.3 What causes valve disease? 
Before doctors started giving their patients antibiotics, rheumatic fever was the single 
biggest cause of valve disease. Today, the cause of valve disease is most likely linked 
to one of the following: 
> A weakening of the valve tissue caused by energy changes in the body. 
This is called myxomatous degeneration. It happens most often in the 
elderly and commonly affects the mitral valve. 
> A build up of calcium on the aortic or mitral valves, which causes the 
valves to thicken. This is called calcific degeneration. 
> An irregularly shaped aortic valve or a narrowed mitral valve. This is 
usually a congenital defect, which means that most people who have it 
were born with it. 
> Use of the anti-obesity medicines fen-phen and Redux, which were 
removed from the market after being linked to heart valve disease. 
> An infection in the lining of the heart's walls and valves (the 
endocardium). This is called infective endocarditis. 
> Coronary artery disease (Texas Heart Institute, 2004) 
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Valve diseases caused by rheumatic fever 
Rheumatic heart disease is a complication of rheumatic fever. Rheumatic fever, which 
results from an untreated strep throat, can damage the heart valves, causing them to 
fail to close properly or not open enough. When a valve fails to close properly, it 
allows blood to leak backward. When a valve does not open enough, the heart must 
pump harder to force blood through the narrowed opening. When damage to the heart 
is permanent, the condition is called rheumatic heart disease. 
Valve disease may lead to heart muscle disease (cardiomyopathy), an irregular 
heartbeat (arrhythmia), and blood clots. 
2.1.4 Grouping of heart valve diseases 
The main concern in the study of heart valve diseases is the conditions that affect 
mitral and aortic valves. Diseases of the heart valves are grouped according to which 
valve or valves are involved and the amount of blood flow that is disrupted by the 
problem. The most common and serious valve problems happen in the mitral and 
aortic valves. Diseases of the tricuspid and pulmonary valves are fairly rare. Therefore 
here we focus only on the conditions of mitral and aortic valves. 
(i) Diseases of the mitral valve 
The mitral valve regulates the flow of blood from the upper-left chamber (the left 
atrium) to the lower-left chamber (the left ventricle). 
Here we will discuss three types of diseases of the mitral valve: mitral valve prolapse, 
mitral regurgitation, and mitral stenosis. 
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> Mitral valve prolapse 
The mitral valve regulates the flow of blood from the upper-left chamber (the left 
atrium) to the lower-left chamber (the left ventricle). Mitral valve prolapse (MVP) 
occurs when one or both of the valve flaps (called cusps or leaflets) are enlarged, and 
the flaps' supporting muscles are too long. Instead of closing evenly, one or both of 
the flaps collapse or bulge into the left atrium. MVP is often called click-murmur 
syndrome because when the valve does not close properly, it makes a clicking sound 
and then a murmur. 
> Mitral Regurgitation 
Mitral regurgitation is also called mitral insufficiency or mitral incompetence. It 
happens when the mitral valve allows a backflow of blood into the heart's upper-left 
chamber (the left atrium). Mitral regurgitation may take years to reveal itself. But, if it 
goes on long enough, it can cause a buildup of pressure in the lungs or cause the heart 
to enlarge. 
> Mitral Stenosis 
Mitral stenosis is a narrowing or blockage of the mitral valve. The narrowed valve 
causes blood to backup in the heart's upper-left chamber (the left atrium) instead of 
flowing into the lower-left chamber (the left ventricle). Most adults with mitral 
stenosis had a rheumatic fever infection when they were younger. Mitral stenosis may 
also be associated with aging and a buildup of calcium on the ring around the valve 
where the leaflet and heart muscle meet. Cases of mitral stenosis are fewer in 
developed countries because of the medicines used to fight the infections that lead to 
rheumatic fever. 
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(ii) Diseases of the aortic valve 
The aortic valve regulates the blood flow from the heart's lower-left chamber (the left 
ventricle) into the aorta. The aorta is the main vessel that supplies blood to the rest of 
the body. Here we will discuss two diseases of the aortic valve: aortic regurgitation 
and aortic stenosis. 
~ Aortic regurgitation 
Aortic regurgitation is also called aortic insufficiency or aortic incompetence. It is a 
condition in which blood flows backward from a widened or weakened aortic valve 
into the heart's lower chamber (the left ventricle). The most serious form of aortic 
regurgitation is caused by an infection that leaves holes in the valve leaflets. 
Symptoms of aortic regurgitation may not appear for years. When symptoms do 
appear, it is because the left ventricle must work harder to make up for the backflow 
of blood. The ventricle eventually gets larger, and fluid backs up. 
~ Aortic stenosis 
Aortic stenosis is a narrowing or blockage of the aortic valve. This valve regulates the 
blood flow from the heart's lower-left chamber (the left ventricle) into the aorta. 
Aortic stenosis happens when the valve leaflets become coated with deposits that 
change the shape of the leaflets and reduce blood flow through the valve. The left 
ventricle has to work harder to make up for the reduced blood flow and over time the 
extra work weakens the heart muscle (Texas Heart Institute, 2004). 
2.1.5 Main types of treatment of heart valve diseases 
People who do not have any symptoms or only minimal symptoms may not need 
treatment. In general, life style changes may favourably affect the conditions and 
treatment of most types of heart diseases. However, in cases of malady some people 
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do well with medicines that ease the pain of symptoms, but medicine cannot cure 
valve disease. If the condition gets worse, becomes hard to control, or the medicine no 
longer works, a transcatheter intervention or surgery may be needed. Predictive 
analysis of the operations of heart valves by computer simulation should in general 
provide useful data for the development of surgery techniques and replacement of the 
valves. 
(i) Medicines used in heart valve diseases 
Medicines are given to ease the pain of your symptoms, reduce the workload on your 
heart, and regulate your heart's rhythm. The following medicines are most often 
prescribed. 
> Digitalis, which reduces the workload on your heart and eases some of the 
symptoms of valve disease. 
> Diuretics, which can lower the salt and fluid levels in your body. Diuretics 
also reduce swelling and ease the workload on your heart. 
> Anticoagulant medicines, which prevent blood clots, especially in patients 
who have had heart valve surgery and have a prosthetic valve made of 
synthetic material. 
> Beta blockers, which control your heart rate and lower your blood pressure. 
> Calcium channel blockers, which affect the contractions of muscle tissue in 
your heart. By lowering your blood pressure and reducing the workload on 
your heart, calcium channel blockers may put off the need for heart valve 
surgery. 
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(ii)PerclltalleOIlS IlItervelltiolls 
Balloon valvuloplasty is a procedure that may be used to open narrowed tricuspid and 
pulmonary valves, a nalTowed mitral valve, and, rarely, the aOltic valve. The 
procedure works on valves like balloon augioplasty does on the arteries. Like 
angioplasty, it is performed in the cardiac catheterization laboratory. A balloon-tipped 
catheter is inserted into the valve. When the balloon is inflated, it pushes back any 
deposits along the edge of the valve, making the central area of the valve larger. The 
catheter and deflated ballooll are then removed fro m the valve. 
(iii)Surgery 
SW'gery is the most invasive option for the treatment of valve disease. During sW'gery, 
valves may either be repaired or replaced. 
Replacement is used to treat any diseased valve that cannot be repaired. It involves 
removing a defective valve and stitching in its place a prosthetic valve. Prosthetic 
valves can either be mechanical (made from materials such as plastic, carbon, or 
metal) or biological (made from human or animal tissue). Mechanical valves increase 
the risk of blood clots fonning on the new valve. Patients with mechanical herut 
valves will need to take blood-thinning medicines for the rest of their lives(Texas 
Herut Institute, 2(04). 
Figure 2.2 Open and closed position of herut valves (Texas Herut Institute, 2(04) 
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Left Atrium 
Mitral Valve 
R~ht Atrium Lell Venl rKle 
TncuspKI Vah'e-----r 
Figure 2.3 (a) Biological Mitral valve 
TriCUSPId Valve __ .. 
Right Ventricle ---11-
.-~l--- Le lt Alrlum 
Mitral Valve 
Lelt Venlocle 
Figure 2.3 (b) Artificial Mitral valve replacement (St. J ude Medical, 2(07) 
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Although va lve replacemen t surgery has been perfor med since the 1950s, refined 
techniques and materials have improved the outcomes and opti ons. There are quali ties 
whi ch would deFine the "idea l va lve:" 
~ T he valve functions like the patient's own normal heart valve 
~ T he val ve permits normal forward fl ow and prevents any backflow when 
closed 
~ The opening and clos ing of the valve is synchroni zed with the normal hemt 
cyc le 
~ F low through the valve is smooth and the materi al the valve is made of does 
not promote clotting 
~ The valve is easy to impl ant so that all surgeons have the same results 
~ After va lve surgery, the patient does not have to make any changes in li festyle 
(take medications, not be at ri sk fo r infection, not hear the new valve) 
~ T he valve should be durable (Texas Heart Institute, 2004). 
Although there may be no va lves today that precisely meet all of the criteri a, CUITent 
valves are becoming c loser to thi s ideal. There are two options for replacing a heart 
valve: mechan ical va lves and ti ssue (bioprostileti c) valves . 
2.1.6 Mechanical valves 
Mechanica l va lves are made totall y of mechan ica l parts that are to lerated wel l by the 
body. The bileaflet valve is used most often. It consists of two carbon leafl ets in a ri ng 
covered with po lyester knit fabri c. Mechan ica l heart va lves are made in many sizes to 
fit any size heart, from large to very small. 
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The Carbomedics Prosthetic Heart Valve (CPHV'M) 
Three mechanical heart valves are most commonly used: The TopHat Supra-Annular, 
the Reduced R is available for aortic valve replacements, and the standard 
Carbo medic valve is used Ul the mitral valve position. 
The valve housing and leaflets are made of Pyrolitic carbon. Attached to the carbon 
housing is a reillforcing band of titauiwn and attached to the titauiwn band is a suture 
ring of PET fabric. A metallic Illtillol wire holds the titanium rUlg to the housing with 
an interference groove system (St. Jude Medical, 2004). 
Figure 2.4(a) Top HafrM Supra-Annular Aortic Valve 
Figure 2.4(b) Standard Mitral Valve 
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Figure 2.4(c) Reduced R AOttic Valve (St. Jude Medical, 2004). 
Clinical applications of cardiac assist systems have a severe problem, 
thromboembolic complications, that originates mainly at the valves which are usually 
made of a antitlu'ombogenic material, such as bovine pericardium. However, the valve 
housing is made of a less suitable material, and wherever the blood flow is stagnant, a 
thrombus is likely to fonn. Such stagnant blood flow is found in the space between 
the housing of the valve and the leaflets, ill the sinuses. Consequently, thrombi often 
are generated in the sinuses (St. Jude Medical, 2004). 
There are two new types of heart valves: the S-shape valve and the Purge flow valve. 
S-shape valve 
The S-shape valve consists of a mono leaflet valve (grey in figure 4.3) in a speciaUy 
designed duct (red). The duct is designed so that there is neither large flow 
acceleration nor stagnant areas (Biofluidmechanics Lab, 2003). 
Figure 2.5 S-shape valve (Biofluidmechanics Lab, 2003). 
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The flow in this valve was simulated by Computational Fluid Mechanics (CFD). 
Purge Flow valve: 
The purge flow valve is intended for use in cardiac assist systems. The special design 
reduces the formation of the stagnation zone behind the leaflets by a purge flow 
dUling systole. This purge flow is separated from the valve's main flow by a flow 
divider directing a part of the main flow into the sinuses behind the leaflets. The 
investigation and optimization of the purge flow effect was performed on a mono-
leaflet valve due to the simple geometry. Sinus and divider geometry and the divider's 
position were systematically varied (Biofluidmechanics Lab, 2003). 
2.2 Rheological properties of human blood 
Blood is a complex biological fluid and its properties directly influence flow through 
heart. In order to develop a meaningful fluid dynamical model for blood flow it is 
therefore necessary to take into account fundamental aspects of its behaviour in a flow 
domain. In this section a brief outline of the main properties of human blood is given. 
However, it should be emphasized that existing data are mainly based on studies that 
focused on the blood properties from a biological point of view rather than a purely 
fluid dynamical aspect. Consequently there is a lack of quantitative data which are 
necessary for a detailed fluid dynamical model. The main difficulty in this respect is 
the lack of a constitutive model for human blood, in particular, under the condition 
that is similar to those prevailing inside veins and arteries. The following discussion is 
however included in this chapter to provide general information about the rheological 
behaviour of human blood. 
Physiologically, amongst other function, blood serves as the major bulk transportation 
and distribution system for materials within the body - transport of respiratory gases, 
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nutrient, waste products of metabolism, etc. Because blood is a suspension of particles 
in an aqueous solution, it is not a homogeneous fluid and has some unusual properties 
(Mazumdar, 1998). 
2.2.1 Constitutive of blood 
Blood, a complex body fluid, is a liquid tissue consisting of several types of formed 
elements (or cells) suspended in an aqueous fluid matrix (the plasma). The plasma 
itself contains a complex spectrum of organic molecules. It is made up of Red Cells 
(RBS or erythrocytes), White Cells (WBC or leucocytes) and platelets 
(thrombocytes). Note that RBC constitutes substances about 95%. Plasma is an 
aqueous solution of electrolytes and organic substances, mainly proteins. These 
proteins include fibrinogen, globulins, albumin, beta lipoprotein and lipalbumin. The 
first three make up approximately 5%, 45% and 50% of plasma protein respectively. 
The latter two are present in very small proportions. Fibrinogen, though not present in 
high concentration, is the largest of the proteins while albumin is the smallest. 
The WBC plays a major role in fighting diseases. WBCs are relatively fewer in 
number compared to RBCs, and so their contribution to the circulatory characteristic 
parameter is insignificant in general, though in some pathological cases, this may not 
be true. The platelets are very numerous, but they are also very small in size. Because 
of their small size, they are usually neglected or considered unimportant where blood 
flow discussion is concerned. 
The RBC consists of a very flexible membrane enclosing concentrated solution 
haemoglobin. The viscosity of haemoglobin is 5 times that of blood, and this makes it 
possible for RBC to deform. This property enables RBC, of average diameter 8 jIm 
not only to pass through capillaries (5 jIm in diameter), but also through the 
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endothelial wall. RBC play a major role in determining the mechanical properties of 
blood. It is hence important to know the volume concentration of RBC. The quantity, 
haematocrit is used to represent this volume concentration, being defined simply as a 
percentage volume concentration. It ranges from 42 to 45 in normal blood 
composition (Mazumdar, 1998). 
2.2.2 Structure of blood 
Blood cells form a continuous structure when at rest. Sedimentation occurs when the 
structure breaks under its own weight and when a finite stress is applied to the whole 
blood, the structure breaks. The stress needed to cause this breakage is called the yield 
stress. After this breakage, the structure becomes a suspension of a cluster of cells 
called rouleaux. 
There exists a dynamic equilibrium between the size of aggregates or rouleaux and 
the stress applied. Under sufficiently high stress, aggregates and rouleaux are reduced 
to individual cells, which all not be reduced and further by further increases in stress. 
Thus, the shear stress-shear rate relationship becomes a straight line at sufficiently 
high shear stresses (Mazumdar, 1998). 
2.2.3 Viscosity of blood 
Blood properties are dominated by the properties of RBC as about 95% of blood cells 
are RBC. A human red cell in a disc- shaped element having a mean diameter of 7.2 
J.Im and a thickness of about 2.2 J.Im at the thickest part, that is, near the 
circumference, and about 1 J.Im at the centre. It has an average area of 120 J.lm2 and 
a volume of 85 J.lm3. The biconcave shape serves to increase the surface area 
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available for diffusion of oxygen and allows the cell to change in volume and shape 
without rupturing its membrane. 
The red cell is bounded by a membrane made of protein in association with lipid and 
steroid materials, a semi-permeable membrane. The most important element in the red 
cell is the haemoglobin, which transports oxygen to the tissues. 
The volume fraction of red cells in blood is known as the hematocrit, H. However, 
this value is normally a little greater than the true volume fraction, t/J, as a small 
volume of plasma is trapped between the cells. Blood is neither homogeneous nor 
Newtonian. Plasma, when isolated, may be Newtonian with a viscosity of about 1.2 
times that of water. However, the viscosity of whole blood is found to depend on the 
shear rate and is measured as apparent viscosity. It is thus a non-Newtonian fluid 
(Mazumdar, 1998). 
2.3 Modelling of blood flow through heart valves- main challenges 
The brief outline of heart valve structure and operation described in the previous 
sections provides an insight into the fundamental fluid dynamical phenomena that is 
the subject of the present modelling research. Using a most direct and simple 
description study of blood flow through a heart valve requires modelling of a non-
Newtonian fluid flow carrying solid particles in a domain whose geometry is 
continuously changing through the action of the fluid. Although the flow system is 
three dimensional it may be reasonable to assume the condition of approximate 
axisymmetry. Essentially solid particles carried by the blood are distributed randomly 
and the solid concentration at different parts of the flow domain changes as the flow 
progresses. The viscosity of blood is therefore changes as the solid volume fraction at 
various parts of the flow domain changes. A heart valve can be regarded as an 
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obstruction inside the flow domain. However, this obstruction changes its shape 
continuously bending in the flow direction. The pressure drop in the described domain 
is hence a function of variable domain geometry as well as imposed boundary 
conditions. As the description of the heart valves' operation shows the flow regime is 
a reversing system requiring an alternating approach for the prescription of boundary 
conditions. The main difficulty in the study of this system relates to the near 
impossibility of direct experimental observation of the regime. Obviously any type of 
probe inserted to collect data will severely disrupt and alter the flow characteristics. 
Considering the above points it is clear that simulations of blood flow through heart 
valves can only be regarded as useful if they take into account the main features of the 
system. In the present study significant effort has been made to include most of the 
described phenomena in the mathematical model construction. However, this study is 
restricted to a two-dimensional approach. The extension to three dimensional domains 
is straightforward the only consideration being the requirement of significantly 
increased computational power. The approximation caused by assuming a two 
dimensional system cannot be very large and hence most of the conclusions of the 
present model should remain valid. Investigations regarding the availability of 
simulation tools showed that new versions of the package COMSOL can generate 
results for interacting fluid/solid systems including domain geometry variations. 
Therefore for the hydrodynamic part of this work simulations based on this package 
are used. However, COMSOL cannot deal with modelling of large numbers of solid 
particles carried by a fluid stream. Therefore a novel technique for this purpose is 
developed and incorporated in an in house developed computer code which uses 
velocity data produced by COMSOL to generate particle transport simulations. It is 
also important to note that the combined fluid solid mathematical model (both 
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governing equations and solution algorithm) presented in the next chapter is 
significantly more advanced than the one currently used by COMSOL. Therefore 
further development of the modelling methodology is made possible through this 
work. 
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Mathematical model 
Introduction 
In this chapter the governing equations that are used in this study are described. These 
equations are derived using the fundamental laws of physics in conjunction with semi-
empirical relationships that stem from the constitutive behaviour of interacting fluids and 
solids. There is a lack of any significant and precise experimental or phenomenological 
information regarding the actual constitutive behaviour of human blood, in particular, under 
the conditions encountered whilst it is in circulation within the veins. Similarly results of 
quantitative experimental observations regarding the constitutive responses of the living soft 
solid tissues, which are affected by the blood flow, are not commonly available, even if such 
data exists. Therefore in this project general constitutive relationships which describe the 
material behaviour of Stocksian fluids and elastic solids are used. Consequently, a degree of 
uncertainty about the quantitative accuracy of the results of this study is inevitable. However, 
the methodology developed in this project is generic and can be readily extended to more 
realistic situations whenever more accurate material data about blood or living human tissue 
becomes available. Here, the main purpose has been the construction of a mathematical 
model which can be shown to reflect, at the very least, all of the fundamental hydrodynamic 
aspects of blood flow through veins and heart valves inside a human body. 
In the next section, after presenting a detailed derivation of one of the described governing 
equations as a sample, the remaining governing equations of interacting fluid-solid systems 
utilized in the present simulations are stated in their general tensorial forms. This section is 
followed by the description of the complementary equation which is employed here to 
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include the transport of solid particles carried via blood stream. Finally the method used to 
include the effects of the presence and transport of solid particles by blood on the operations 
of heart valves is explained. 
3.1 Governing equations of fluid-solid interaction 
We start with the derivation of the continuity equation which represents the law of 
conservation of mass for the fluid phase (i.e. blood flow domain). Using a planar coordinate 
system (x,y,z) with respect to a fixed (i.e. Eulerian) control volume of the size8x,i1y and 
L1z, respectively, in three coordinate directions, we have 
Rate of accumulation of fluid within the control volume = Mass of fluid in -Mass of fluid out (3.1) 
therefore 
Massin = qxi1YL1z+qyL1z8x+q,8xi1y 
(3.2) 
where qx etc. are mass flux across the inlet and outlet sections of the control volume. After 
substitution from equations (3.2) into equation (3.1) the incremented terms are replaced using 
Taylor series expansion as 
(3.3) 
After the truncation of the second and higher order terms of (3.3) these expansions are and 
further algebraic manipulations the mass balance equation is written as 
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(3.4) 
where p is the fluid density. The mass flux terms in equation (3.4) are defined as density 
times volume flow rate therefore in a velocity field if whose components are given as v x' v, 
and v, we have 
(3.5) 
and 
(3.6) 
and 
GP op Gp GP Qv iN iN 
-+v-+v -+v-=-,c(.....2:~+--') 
it xik 'ay 'a: ik ay a: (3.7) 
According to the definition of a substantial (convective) derivatives 
(3.8) 
For an incompressible fluid, such as blood, equation (3.8) is reduced to 
Qv iN iN _x~+_'=O 
ik ay a: (3.9) 
Equation (3.9) provides the first governing equation of the present mathematical model. It is 
the expression of the law of conservation of mass for an incompressible fluid. As the left 
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hand side of equation (3.9), by definition, is the divergence of a velocity field (i.e. Dilatation 
in physical tenns) using vector notations the tensorial fonn of this equation is written as 
V.v=O (3.10) 
Following a similar detenninistic approach based on the law of conservation of momentum 
the equation of motion for fluid phase can be obtained. For the solid phase equilibrium 
principle governing the balance of forces acting a solid body provides the basic law upon 
which the basic equation of solid defonnation can be derived. However, equations of fluid 
continuity, fluid flow and solid defonnation on their own do not provide a matching number 
of relationships for the number of unknowns needed for a detenninistic solution of the fluid-
solid interaction with appropriate initial and boundary conditions. Therefore the system of 
equations should be augmented using semi-empirical relationships that describe constitutive 
behaviour of flowing fluids and deforming solids. In an interacting fluid-solid system further 
relationships describing interface conditions at the boundary between the phases are required 
to make the system detenninate. As mentioned earlier in this section, after the explanations 
provided in the given sample, the remaining equations of the fluid-solid system are listed 
using tensorial fonns. It should be noted that here the fluid is considered to be Stokesian 
rather than simply Newtonian because although a stress rate of strain relationship which does 
involve temporal derivatives of the stress tensor is used the fluid viscosity is not assumed to 
be constant, or merely stress dependent. As explained later in this chapter the viscosity 
parameter is altered via an equation of state to include the effects of the transport of large 
numbers of microscopic solid particles within the blood stream. The constitutive behaviour of 
the solid phase is assumed to be Hookean and an elasticity modulus is used to relate the stress 
and strain tensors in this phase. Therefore the model equations are given as 
within a continuum designated as Q F (i.e. the flow domain) 
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V.v = 0 (continuity) (3.10 R) 
And 
{is + p(v.V)v - V 6-F = JF (motion) (3.11) 
where JF is the body force (e.g. gravity) acting on the fluid and 
(3.12) 
Equation 3.12 describes the stress tensor in tenns of hydrostatic pressure p, unit second 
order tensor i, fluid viscosity JiF and rate of strain (Le. rate of defonnation) tensor defined 
as 
(3.13) 
Note that the vector operator V and velocity vector in equation (3.13) are used in a dyadic 
fonn (a superscript T signifies a transpose) to define a second order tensor. Equation (3.12) 
implicitly assumes a Stokesian constitutive behaviour as after the subtraction of the 
hydrostatic part of the total stress the remaining deviatoric (extra) stress component is 
replaced in tenns of fluid viscosity and rate of strain. Substitution of total stress via equation 
(3.12) provides the well known Navier-Stokes equation representing laminar flow of a 
Stokesian fluid (note that a Newtonian fluid is a linear Stokesian fluid). 
Similarly for the solid phase the model equations are given as 
within a continuum designated as Q, (i.e. the solid domain) 
v[(i + Vu)6-, 1 = J, (expression of equilibrium or force balance) (3.14) 
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where ii is the displacement, if, is the stress tensor and j, is the body force acting on the 
solid phase. The stress tensor is defined by the following constitutive relationship 
a, = Atr(E)1 + 2p"E (3.15) 
where A and p" are the Lame' moduli of solid phase and E is the Green strain tensor 
defined as 
(3.16) 
At the interface, conjunctive flow and deformation of fluid and solid phases requires that 
tractions and velocity be continuous, therefore 
- -if,nl + if Fnl = 0 , F along the interface fl (3.17) 
where n l and n[ are the unit vectors outward to the solid and fluid phase respectively , F 
and 
along the interface f[ (3.18) 
Here, u is the solid velocity (temporal derivative of the displacement), which is zero in a 
steady state analysis (note that fluid velocity at the dead end solid impervious barrier is also 
zero which describe a no-slip condition on fluid velocity at the interface). The described 
system of equations (3-10) to (3.18) are solved subject to the essential boundary conditions of 
known velocity and displacements at the start of the fluid and solid domains and known 
natural conditions for stress fields (i.e. known rate of strain and strain) at the end of the fluid 
and solid domains. 
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3.2 Model simplifications 
The governing equations described in the previous section provide a complete three-
dimensional mathematical model for the blood-tissue systems. However, simulations based 
on such a complete model can be computationally costly requiring excessive CPU times and 
computing power. On the other hand, it is possible to obtain very useful insight about the 
fundamental aspects of the behaviour of the combined blood-tissue system employing a two-
dimensional approach. This is because that none of the mechanisms which affect such 
behaviour can be said is neglected in a two-dimensional system. Therefore in the present 
study the simulations are mainly based on a two-dimensional approach. In cases where the 
assumption ofaxi-symmetry of the entire system from geometric, hydrodynamic and 
stress/displacement points of view can be made a more precise approach based on axi-
symmetric equations can be made. 
For example, in a two dimensional Cartesian system the equations solved are written as 
Fluid continuity equation 
av avy 
_x +--=0 
ax ay (3.19) 
And Navier-Stokes equations 
ov av av a2v a2v op p_x +p(v _x +v _X)=p [_X + __ Xj __ +pg 
ot x ox y ay F ox2 ay2 ax x 
(3.20) 
av av av a2v a2v ap p-Y +p(v -Y +v _Y)= 11 [ __ Y + __ Yj __ +p,g 
at x ax y ay f"'F ox2 ay2 ay Y 
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In axi-symmetric systems, as the original three-dimensional equations are already integrated 
in the circumferential direction two-dimensional solutions provide information in all three 
spatial directions. To demonstrate this we consider the fluid continuity equation written in a 
cylindrical coordinate system (r,B and z) written as 
1 0 100 
--(rv,) +--(ve) +-(v,) = 0 
r or roB oz 
(3.21) 
In a fully axi-syrnmetric system there is no change in the circumferential direction (i.e. B) 
therefore integrating equation (3.21) we have 
Iff 10 10 0 [--(rv,) +--;-(ve) +-(v,)]rdrdlHz = 0 r or roB oz (3.22) 
the second term of the integrand in equation (3.22) can be eliminated and after integration 
with respect to Bbetween the limits of 0- 2" equation (3.22) yields 
If 1 a 0 2" [--(rv,)+:;-(v,)]rdrdz=O r ar oz (3.23) 
Therefore the continuity equation for an incompressible axi-symmetric flow is written as 
(3.24) 
Similarly the equation of motion (Navier -Stokes equations) are written as 
(3.25) 
and 
(3.26) 
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3.3 Equations describing solid particles transport in blood stream 
In general, using the law of the conservation of mass a balance equation for solid particles 
transported via the blood stream through veins and heart valves can be derived. However, 
such a deterministic approach requires a knowledge of dispersion coefficients in a blood flow 
domains. Therefore in the absence of reliable experimental measurements, only under certain 
specific conditions such as very low concentrations of solid particles, the coefficients can be 
estimated via theoretical considerations. In order to avoid these difficulties in the present 
work the simulation of solid particles transport and its influence on the behaviour of the fluid-
solid system is based on a stochastic random walk approach which relies on the solution of 
Fokker-Plank equation. 
Based on the Markovian theory a general description of the process of particles transport ( or 
dispersion) in a flow field can be represented by the following Fokker-Planck equation 
(Todorovic, 1992) 
ap " a (- ) " a2 (1:: ) at + L-ax. A,p = L...ax.ax. zBijp 
I I I,) I ) 
(3.27) 
where p = p(X ,t I y,t') is the conditional probability density of the event that a particle 
occupying a position yat time t' reaches another position X at time t, t > t'. The vector 
A and the tensor B represent velocity field characterising deterministic advection (in this case 
velocity) and the diffusivity characterises random forces acting on a particle, respectively. 
Equation (3.27) provides a full representation for the distribution of solid particles in a blood 
stream. Solution of this equation provides information regarding the volume fraction of 
solids et> in a given two-phase system consisting of blood and particles. This information can 
in turn be used to update blood viscosity via an equation of state written as 
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(3.28) 
where A"A 2 are constants that can be found by experimental measurements (in this study 
we have used values reported in the literature). The described updating of viscosity can be 
incorporated in an iterative cycle with the solution of the fluid-solid model in order to include 
the effects of particles, presence in the blood stream on the overall result of the simulation. 
The main problem with the solution of equation (3.27) is, however, that it includes mixed 
derivatives such as ~(l..B P) ilxily 2 xy etc. In the next chapter the development of a novel 
procedure for the transformation of the coordinates in which the original Fokker-Plank 
equation (3.27) is derived onto a special framework in which these mixed derivatives 
disappear is fully explained. 
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Introduction 
In this chapter the numerical techniques used to solve the governing equations of the present 
two phase (particle laden fluid flow) flow fluid-solid system are explained. The interacting 
fluid-solid system is regarded to represent a two phase flow regime because of the presence 
of the solid particles within blood stream passing through veins and heart valves. The first set 
of equations describing combined modelling of Navier-Stokes and elastic solid deformation 
(equations 3.10 to 3.18) are discretized and solved using a routine Galerkin finite element 
scheme. Therefore this part is only briefly outlined to avoid the repetition of material which 
can be easily found in the finite element literature. In contrast, solution of the Fokker-Plank 
equation is based on a novel procedure involving a mesh independent coordinate 
transformation scheme and hence is fully explained in this chapter. 
4.1 Finite Element Discretization of Interacting Fluid-Solid model 
After the substitution of the field unknowns (i.e. velocity, pressure and stress) with 
corresponding approximations in terms of appropriate trial functions and assuming that body 
forces acting upon both fluid and solid sections of the problem domain are negligible, the 
binary forms of the governing equations with respect to a set of weight (i.e. test) functions 
are constructed. In QF' the fluid part of the domain, after time stepping via a routine finite 
difference relationship and applying Green's formula, we obtain the weak form of the flow 
equations as 
(for simplicity of writing over bars indicating vectors and tensors are dropped) 
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a(v, w) + b(v, w) + c(p, w) + d(v, v, w) = f W.O' Fndf', (u) + f W.O' Fndf'F (u) (4.1) 
rl r ... · 
Where the first binary form in the left hand side of equation (4.1) are derived as 
(4.2) 
Note that the fluid domain geometry is taken to be dependent on the displacement of the 
deformable solid part of the problem domain. The remaining binary forms in equation (4.1) 
are written for the field variables at the time level n ; however, for simplicity of writing they 
are not shown with a superscript. Therefore 
(4.3) 
c(p,w) =- f pV.WdQF(U) (4.4) 
OF 
d(v,v,w) = fPW.(v.V)vdQF(U) (4.5) 
OF 
where the symbol: denote the scalar product of two tensors. The second term on the right side 
of (4.1) can be written as 
f W'O'Fndf'F(U) = f w'O'Fndf'i(u)+ f W'O"Fndf';(U) (4.6) 
~ ~ ~ 
Using a stress free condition along r; (exit) the first term on the right side of (4.6) vanishes. 
At the inlet section, r~, the essential boundary condition of known velocity field (i.e. v = v ) 
is prescribed. Similarly the fluid continuity equation is used to construct a binary form as 
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J q'il.VdQF(U)=-b(q,v)=O (4.7) 
OF 
Again, note the dependence of the fluid domain. The described binary operations result in the 
development of a weak variations form for fluid flow equations. Using a similar procedure 
weak form of the solid deformation model is constructed. Details of these derivations are 
available in the literature (Ghattas and Li, 1995). 
The weak formulations provide the basis for the numerical solution of the model equations in 
the present work. To obtain such a solution the problem domain is discretized into a mesh of 
finite elements. Having selected the type of these elements the set of trial functions 
corresponding to the interpolation model associated with the selected finite element family 
are used to obtain the residual statements required in the utilization of the constructed weak 
forms. Here, using the standard Galerkin method, the test functions (i.e. weights) in the weak 
variational statements are taken to be identical to the trial functions. It is not expected that the 
flow associated with blood streams in veins and heart valves to be a creeping regime 
(Reynolds number of S; 1). However, the flow Reynolds number remains relatively low 
(usually well in the laminar region). Therefore the use of standard Galerkin method without 
any type of upwinding normally generates stable results. 
As mentioned earlier, as a consequence of the deformation of the solid region, the problem 
domain in these simulations changes throughout the computations. Therefore the constructed 
mesh should be updated at the end of each time step. To achieve this well established ALE 
(Alternating Lagrangian-Eulerian) method (Nassehi, 2002) is used. 
4.2 Solution Algorithm 
In this section the main steps used to obtain a solution for the model equations are described. 
As the solution of the particle transport equation is de-coupled from the main solution 
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procedure and is only used to update the fluid viscosity in a separate step at each time level 
the algorithm outlined in this section is self contained and its steps can be explained 
independent of the updating process. 
Consider a problem domain as shown in figure 4.1. 
Flow Direction 
(Wall) 
Fluid-Solid Interface 
inlet outlet 
(Wall) 
Figure 4.1 Solid-fluid interaction domain 
After the division of the fluid domain into a mesh of finite elements, at the inlet to the fluid 
domain a known velocity profile is prescribed. Along the walls and including the fluid-solid 
interface no-slip conditions are imposed. Finally, at the exit stress free conditions are given as 
the boundary condition. Initially the velocity field everywhere inside the fluid domain except 
at the inlet boundary is set to be zero. Using the described boundary conditions finite element 
solution of the discretized flow equations are obtained and the velocity and pressure fields at 
all nodes are recorded. At the next step the calculated velocity and pressure fields are used to 
calculate traction along the fluid solid boundary. The solid domain is also divided into a mesh 
of finite elements. Prescribing the calculated values of traction in conjunction with zero 
displacement (i.e. ii = 0) along the solid phase boundary (Le. fluid-solid interface) the 
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discretized equations of solid deformation are solved. At the end of this step the displacement 
field throughout the solid domain is calculated. This information is used to update the 
problem domain geometry. The entire procedure is then repeated until convergence. After 
convergence the time step is incremented to allow the solution to proceed to the next time 
step. In the ALE procedure nodal connectivity throughout successive re-meshing of the 
problem domain is kept unaltered and hence the relationship between old and new time level 
values of the field unknowns are automatically preserved. The most important part of this 
procedure is the solution of a transient fluid flow regime in conjunction with a steady state 
solid deformation analysis. This allows the independent solution of two sets of governing 
equations in a problem domain representing a combined interacting fluid-solid system. As the 
domain geometry is updated at the end of each time step the overall result can be regarded to 
be time dependent. 
As mentioned earlier, in the present study further to the combined solution of fluid flow and 
solid deformation models a particles transport simulation scheme is used to bring the entire 
modelling closer to a realistic blood flow situation. In the next section the method used to 
achieve this is explained. 
4.3 Solution of the Particle Transport Equation 
Normally the number of solid particles carried by blood are very large. In addition they have 
a wide range of shapes and sizes. Therefore mathematical representation of the particle/blood 
system using a simple deterministic approach is not possible. To overcome this difficulty and 
to take into account the effects of the solid particle distribution and transport in the blood 
stream through heart valves innovative techniques should be employed. In this section a 
novel method which uses a combination of stochastic and deterministic approaches to model 
solids transport through veins is described. The use of this method in conjunction with the 
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previously described fluid-solid interaction model provides a significant advance towards 
achieving the goal of the construction of a realistic blood flow model. 
The method adopted in the present study is based on the solution of the Fokker- Planck 
equation described in Chapter 3. This equation provides a robust mathematical model for the 
transport and distribution of large numbers of small solid particles in flow fields. However, 
its solution can be problematic. The main difficulty is that normally the number of particles in 
the blood stream is large, to a degree that their distribution affects the physical and 
rheological properties of the flow domain. However, the particles have random shapes and 
are small in size. Therefore their influence can only be evaluated by tracing the changes in 
the flow properties rather than by a direct modelling of fluid-particle interactions. There are a 
number of other considerations that should be take into account whilst solving the Fokker-
Plank equation. These can be listed as 
(i) The flow domain geometry changes continuously as the heart valve muscles move and 
deform. 
(ii) Asymmetric accumulation of particles in parts of the flow domain results in the variation 
of fluid phase viscosity, adding to the complexity of the flow regime behaviour. 
(iii) The mechanism of dispersion, which has a significant role in the distribution of particles 
in the blood stream, is completely random and hence the dispersion coefficient should be 
represented by an anisotropic tensor in the governing equation. 
The resolution of the first two problems is relatively straightforward and can be handled 
through the use of ALE technique to update the problem domain geometry and updating of 
the fluid viscosity at the end of each time step. These have already been mentioned in 
previous sections and will be described further in Chapter 5. However, dealing with the 
43 
Chapter 4 Numerical Solution Procedures 
anisotropic nature of the dispersion in blood flow systems is not a trivial matter and requires a 
sophisticated approach. In the remaining sections of this chapter a novel method used to 
resolve this problem is explained. 
4.3.1 Spatial transformation of the Fokker-Plank equation 
The Fokker-Plank equation written as 
ap +" ~(U )=" a2 (.!D ) at L.ax ,P L.Jaxax. 2 ijP 
I, I.) I J 
(4.8) 
represents the transportation of large numbers of particles both by mechanisms of convection 
and random distributions and mathematically is an exact equivalent of the convection-
dispersion equation. However, in the overwhelming majority of deterministic models based 
on the convection-dispersion equation an assumption of isotropy is made which allows the 
decomposition of the diffusivity tensor in terms of its components along the coordinate axis. 
Therefore in most cases cross dispersion is ignored. This is not an acceptable assumption 
when complete random nature of the distribution of a large numbers of particles in a 
geometrically variable and otherwise complex flow domain is considered. Although, 
mathematically, the inclusion of off diagonal terms in the diffusivity tensor does not present 
any specific problems this leads to the appearance of mixed derivatives in the governing 
equation of the particle transport model. This is obviously a serious problem. In the present 
study this problem is resolved using the following procedure 
1- A framework in which the diffusivity tensor is normalised is constructed. The metric 
in this framework is described and its associated coordinate system is developed. 
2- A numerical mapping procedure based on a general mesh independent approximation 
scheme is developed to transform the original domain and its corresponding particles 
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transport model to this system. As the diffusivity tensor in this framework is 
inherently normalized the resulting model does not involve any mixed derivatives. 
3- The coordinate transformation does not depend on any specific meshing procedure, 
therefore, the transformation relationship between the original nodal point coordinates 
(describing the descretized physical problem domain) and transformed coordinates 
can be stored as a scalar set. 
4- Using a finite element scheme the transformed model is solved. Each point in the 
obtained solution is multiplied by its corresponding coefficient stored in the described 
transformation scalar set. The result is the quantitative particle distribution probability 
density (i.e. the field unknown in the Pokker-Plank equation). This data can be readily 
converted into particles volume fraction (or concentration) distribution within the 
flow domain. 
5- Quantitative information regarding particles distribution is used to update the fluid 
phase viscosity by the equation of state given in chapter 3 (equation 3.28). 
6- The entire solution loop is advanced to the next time level. 
4.3.2 Normalization of the diffusivity tensor via a coordinate transformation. 
Consider the following covariant transformation (here we consider a two-dimensional 
situation) 
Therefore 
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According to the defined transformation of the components of a covariant tensor of a second 
rank can be calculated as 
_ N N axq 
A =" ,,-pr L..Js::l L..J a p . 
q=i X 
where p,r = 1,2, ... ,N (4.11) 
(Note that the covariant transformation adopted here is for simplicity and in principle a 
contravarient transformation can also be used). Therefore using tensor components we have 
(4.12) 
The Jacobean of the transformation is given as 
(4.13) 
with its corresponding determinant calculated as 
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(4.14) 
and for the inverse transformation (X I' X 2) -4 (XI' x2 ) the Jacobean is defined as 
ilX I ilX I 
'2 = 
ilxI ilX2 (4.15) ilX2 ilX2 
ilxI ilx2 
To normalize the general diffusivity tensor we should have 
(4.16) 
where 
(4.17) 
In a diffusion (dispersion) process with a constant diffusivity D the random step in a random 
walk method represented by the Fokker-Plank equation can be chosen from a Gaussian 
distribution with the variance of 2D is t. However, in cases where diffusivity is a function of 
space the exact distribution is not known. Based on the central limit theorem it can be stated 
that any distribution approaches a normal distribution after a number of steps. But this 
number is never known and it depends on the length of time step. Therefore a random walk 
analysis for the particle distribution problem characterised by a variable diffusivity can only 
be developed if this problem is resolved. Naturally the coordinate transformation scheme 
described in this section resolves this problem. An additional advantage of the coordinate 
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transfonnation, proposed here, is that the transformed space can be constructed in a way that 
one of the curvilinear coordinate axes becomes aligned with the transfonned velocity field. 
This simplifies the solution procedure and automatically improves the accuracy of the 
scheme. 
Let us define a transfonnation from the original two dimensional system of (x I ,x 2) to a new 
coordinate system of (XI ,X 2 ) with a corresponding transfonnation for the probability density 
function in the Fokker-Plank equation to a new function y so that 
Y =P.J where, J= det [dX, ] dX] (4.18) 
The required nonnalization (equation 4.16) is achieved if the components of the metric tensor 
of the new coordinate system (X" X 2) coincides with the components of the diffusion 
(dispersion) matrix in the old coordinate system. This means that the transfonnation should 
satisfy the following relationship 
(4.19) 
where, g = .!. = det [dX , ]. Therefore according to equation (4.19) 
J dX j 
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(4.20) 
where, det jj > 0 . Thus in the new coordinate system the Fokker-Plank in a blood stream can 
be expressed as the following simple form: 
(4.21) 
Where 
and are the components of the velocity 
field found using the described co variant transformation. It can be easily shown that the 
transformed equation in a one dimensional case reduces to the following form 
(4.22) 
On the other hand the described transformation can be readily extended to three dimensional 
cases. The system of non-linear differential equation (4.19) describing the present 
transformation should be solved on the original domain (i.e. with respect to x I'X 2 system) in 
order to obtain the mapping function F = (FI , F2 ) 
XI = FI (xp X 2 ) 
X 2 = F2 (XI·X2 ) 
(4.23) 
solution spaces, respectively (symbolically written as F: Q x --t Q x), However, in general, 
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equations (4.19) cannot be solved analytically. Despite this the following analysis proves that 
such a solution exists. 
4.3.3 Proof of the existence of the defined transformation. 
At a fixed point G(Xp X2)E 1:2 x equation (4.19) can be regarded as a system of algebraic 
equations with the following unknowns 
and 
OX2 r. =--
2 OX
2 
These unknowns are considered to be the components of two vectors ~ and T2 which are 
arranged to be tangents to the new curvilinear coordinate axes Xl andX 2 • respectively. An 
illustration of the adopted spatial transformation is given in figure 4.2 
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Figure 4.2 Schematic representation of the domain transformed system 
Highlighted lines L, and ~ in figure 4.1 a (representing the old coordinate system) are 
transformed onto the corresponding lines of r, and r2 in figure 4.1b (representing the new 
coordinate system). Therefore the lines r, and r2 can be expressed parametrically in termS 
of the variables x, andx2 • Vectors ~ and T2 (shown in figure 4.1b as tangents to r, and 
r2 ) are the basic components of the new framework as the components of the metric tensor 
of the new coordinate system can be expressed as the scalar products of these vectors. 
Further simplification of the system of equation (4.19) is achieved by the use of a local polar 
co- ordinate system for the representation of the transformed domain. Thus equation (4.19) 
are written as 
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(4.25) 
The equation set of (4.25) is solved to give 
(4.26) 
The system of equations (4.25) has three independent unknowns and the fourth can be chosen 
arbitrarily. 
Let us assume that T2 is parallel to vector field (U"U 2)' (since this field can be chosen 
arbitrarily we will select the velocity field for this purpose). We therefore have: 
(4.27) 
where 101 = ~ U 12 + U i . Vector T2 reaches vector ~ if it is rotated by an angle equal to {} in 
the clockwise direction (figure 4.1) therefore 
- [ql] RI [COS{} sin {}][1j] RI [COS{} Sin{}][U I ] ~= q2 = R2 -sin{} cos{} r2 =IOI-sin{} cos{} U 2 (4.28) 
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Equations (4.27) and (4.28) define a unique pair of vectors which are tangents to the lines of 
the new coordinate system. These equations provide parametric relationships between the 
new and the old coordinate systems. As they are derived in general terms they remain valid 
for any point C(x, ,x2 ) located in Qx. Therefore, a unique solution for equations (4.19) does 
exist. 
4.3.3.1 A numerical procedure for the solution of equations (4.19) 
This solution is achieved indirectly by the following numerical mapping technique based on a 
global approximation scheme. This scheme is independent of domain discretizations (i.e. 
computational mesh construction) and relies on the moving least squares method. The 
essential step in this method is the use of a weighted least square function in order to fit a 
desired approximation to a set of data points. Therefore the geometrical data representing the 
points in a computational domain (often recorded in terms of the coordinates of nodal points 
in a mesh) is considered as a set for which the best fit should be found. This is achieved by 
the minimization of the squares of the difference (i.e. error) between the known coordinates 
of points in an original domain and the coordinates of their corresponding mapped points in 
the desired transformed domain. Mathematically the procedure is summarized as follows. 
After the selection of points of interest (i.e. nodes) on a problem domain Q (Q c 9\k') the 
global approximation of a function u, u: Q ~ 9\ k, Q = Q U oQ over the nodal points in this 
domain is formulated by the minimisation of the following functional 
N 
'V[a (x)] = IW(.X,X,)[pT(X,).ii(x)-U,]2 
;=1 
(4.29) 
where x, x, (x, x, E 9\k) are nodal coordinate arrays defined as 
X- [ ]T - [" ']T . I H - (-) h fb = x"x2 , ••• ,Xk ,x,= x"x2 , ••• ,Xk ,respective y. ere, p x, represents t e set 0 ase 
functions, ii (x) is the M dimensional array of unknowns, u, = u(x,) is the value of the 
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function u at node number i, N is the total number of nodes and W(x,x,) is a weight 
function. Often, the base functions are formulated by the tensor product of polynomials 
written in terms of spatial variables ~i' i=l, ... ,k. For example a bi-quadratic base function in 
a two-dimensional space is found as [1, x" x~] i8I [1, x2 ' xi]. However, as shown later in this 
chapter, other types of functions can also be used as the base functions in the diffuse 
approximation techniques. The process of the minimisation of '¥ with respect to a(x) is 
shown as 
o'¥[a(x)] = 0 
Of!l~) 
1= 1,2, ... ,M 
This leads to the formulation of the following system of linear equations 
A(x)a(x) = B(x).O 
(4.30) 
(4.31) 
where A(x) and B(x) are M x M and M x N matrices, respectively, and are expressed as 
A(x) = [a" (x)] and B(x) = [P" (x)] where 
N 
a,,(x) = "LW(x,x)p,(x,)p,(x/) r,s =1,2, ... ,M (4.32) 
i=i 
and 
Pri (x) = W(x,x,)p, (x,) 
r = 1,2, ... , M ; i = 1,2, ... , N (4.33) 
The global approximation of u may now be expressed as 
(4.34) 
The uniqueness and convergence of the described approximation has been studied previously 
and will not be repeated here. In summary, it has been shown that the uniqueness of the result 
depends on the unisolvent property of the base functions. Moreover, a node-wise 
convergence theorem, based on the generalised positive definiteness condition of matrix 
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A(x) , has been derived. Formal error analysis of the described diffuse approximation 
technique is also available in the literature. In practice, in order to implement the described 
procedure, the following set of input data should be given 
~ Total number of nodes (N) and nodal coordinates (Xi) on Q, 
~ Base functions and their dimension (M), 
~ Weight function (W), 
~ Nodal values for which a fit is sought ( (j ). 
The existence and the smoothness of the approximation primarily depend on the selected 
weight functions. Thus, during the construction of the approximation for any given function, 
appropriate weight functions with suitable properties should be used. It should be noted that 
at different parts of the problem domain a different weight function can, in principle, be 
utilized the weighting is said to be 'moving'. The only condition is that the weight function 
should be positive-valued, i.e. W: 9\k x9\k ~ 9\+ • However, for the purposes of the present 
work it is sufficient to use a weight function equal to unity because there is no need to alter it 
for different sections of the problem domain. The described method of data fitting is a 
generic technique and in Appendix A of this thesis an example of its extension to more 
complex mappings is given. Here the required transformation (i.e. computation of 
parameters q and r in equation (4.28) ) is achieved by the minimization of the following 
functional in the above described manner 
(4.35) 
!2. 
where 
X I = ( ... ; X 1/-1; XI/; X 1/+1 ; ... ) 
X 2 = ( ... ; X 2/-1; X 21; X 2/+1 ; ... ) 
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and I = 1.2 •...• M are the nodal points number in the discretized domain. In equation (4.35) 
ITql etc. are the polynomial interpolants of the components of tangent vector given as 
M 
ITq, = "I,NJ.x,X iJ 
1=1 
M 
IT" = "I,NJ.xjXiJ 
J=I 
i=1.2 
where N is used to define interpolation function. The minimization requires that 
and ~=O. 
aX2I I=1.2 •...• M 
(4.36) 
After the differentiation of equation (4.35) to carry out the above minimization we construct a 
system of M x M linear algebraic equations: 
L. (NI.INJ.l + N I,2N J,2)X IJ = Nl,lql + N I,2rl 
J 
L. (NI,I N J.l + N I,2N J,2)X 2,1 = NI,lq2 + N I,2r2 
J 
I=1.2 •...• M (4.37) 
Which can be solved using a symmetric frontal solver (Nassehi. 2002) . To illustrate the 
described mapping we consider the following examples. 
4.3.4 Examples of the implementation of the developed coordinate transformation 
Consider a sample domain shown in a discretized form in figure 4.2. 
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• 
• 
Figure 4.3 A sample domain over which the Fokker-Planck equation with anisotropic 
diffusion tensor should be solved 
A mapping which normalizes a diffusivity tensor defined as 
:: _ ..fi[1 -1] D--
2 1 1 
(4.38) 
Results in the transformation of the domain into a different shape as shown in figure 4.3. 
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Figure 4.4 Transfonned domain arising a relatively simple diffusion tensor 
As expected the transfonned domain is still a regular mesh which is rotated by 45 degrees 
and its size has changed (because of the factor 
= [y xy] nonnalizes D = 1 x 2 appears as figure 4.4. 
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Figure 4.5 Transformed domain arising a very complex diffusion tensor 
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As expected the imposed transformation distorts the original mesh to a very large extent 
resulting in the appearance of a point of singularity. However a normal solution of the 
Fokker-Plank equation even after such a complex distortion is possible because the described 
transformation is the conversion of the probability function into a simple form which is 
compatible with a normal (Gaussian) distribution. 
4.4 Development of the working equation of particles transport model 
After the implementation of the described transformation the modelling of particles transport 
is reduced to a two-dimensional analysis of an isotropic dispersion characterised by a 
diagonal diffusitivity tensor written as 
::: [Dl B= 
o 
(4.39) 
Therefore the Fokker-Plank equation can be simplified to 
p(z,t+f..t/y,t)= ~[~exp( ;2 )][~exp( T/2 )] 
V f..t 211D, 2!ltD, 211D2 26.tD2 
(4.40) 
where 
(4.41) 
If dispersion in one of the spatial directions can be neglected (e.g. if D}=O) then equation 
(4.40) is further simplified to represent one dimensional dispersion as 
p(z,t+f..t/y,t)= ~[ 1 exp( T/ 2 )]O(~) 
'" 21£ ~ 2MD 2 26.tD 2 (4.42) 
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where S (~) (Dirac delta) is the limiting value of the indeterminate term resulting from the 
insertion of zero for DJ in equation (4.40). For an arbitrary process, which may not 
necessarily be Markovian, the probability density of an event can be expressed as the sum 
(integral) of the all of the probabilities which may lead to that event. Thus for particles 
starting from various positions at time t to reach a fixed position at time t + M we have 
If/Ci.,t + M) = f p(z,t + M I y,t)p(y,t)dy (4.43) 
Probabilities such as p(z,t + dt) and p(y,t) are proportional to particle volume fractions (or 
concentrations) such as <I>(z,t + M) and<I>(Y,t). Therefore by the combination of equation 
(4.43) with equations (4.40) or (4.42), depending on the number of spatial dimensions 
considered in a problem, a suitable equation for the calculation of time dependent particles 
volume fraction at various points in a flow domain can be obtained. As discussed in chapter 3 
this information is used to update fluid viscosity and advance the entire simulation loop. 
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Introduction 
This chapter is devoted to the analysis and interpretation of the computational results 
obtained using the modelling strategy developed in the present research. In order to gain a 
comprehensive and clear insight about the computer modelling of blood flow through heart 
valves, its power and limitations and the scope of its utility as a research methodology, as 
well as a tool for computer aided design of artificial heart valves, a large number of 
simulations have been carried out. However, to be able to carry out a critical analysis of the 
results and to draw logical conclusions from them a systematic progrannne has been 
adopted which allows meaningful comparison between various outcomes. Therefore 
variables regarding boundary conditions (such as inlet velocity), blood viscosity, overall 
geometry of the problem domain and elasticity modulus of heart muscle tissue have been 
changed and for each case outcome of the simulation has been analysed. Considering the 
number of variables that can be changed it is self evident that the described programme has 
led to the generation of a large amount of output. Although all of these results have been 
carefully analysed, in this thesis only the samples which provided important evidence for 
the behaviour of the bloodlheart valve system are reported. 
As described in previous chapters, conjunctive simulation of blood flow hydrodynamics 
and heart valve deformation, on one hand, and the modelling of the distribution of solid 
particles in the blood stream on the other hand, have been conducted in a decoupled 
manner. The main advantage of this approach is that it allows the utilization of both the 
widely available commercial package COMSOL, to carry out the simulation of blood flow 
and heart valve deformation, and an in-house developed code to model particle transport. 
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COMSOL (COMSOL version 3.3) provides a very efficient modelling tool for the blood 
flow and heart valve deformation part of this analysis. Therefore any time spent on 
development of an independent code for this purpose could not be entirely justified. In 
contrast as shown later in this chapter COMSOL can only give poor quality and inaccurate 
results for particle distribution. Therefore code development in this work has been mainly 
focused on this part of the analysis. 
5.1 Order of simulations 
The main criterion in adopting an order for conducting simulations is to make successive 
results logically comparable. Therefore all of the field variables in the system have been 
changed according to an imposed order of priority one by one. This order is as follows. 
Although there are significant variations in blood flow velocity within human heart 
according to commonly available medical literature, ordinarily (when no exertion is 
involved) blood flows at a speed of around 0.05 m1s through heart valves in healthy adults. 
However, this speed increases during physical activity. The inlet blood flow velocity into 
the problem domain has been chosen as the field variable with respect to which the 
influence of variations in other variables have been monitored. Blood viscosity is a 
function of solid particles that it carries therefore this parameter is altered according to the 
results obtained in the second part of the overall analysis. In all of the simulations the 
deformation of problem domain section representing heart valve tissue has been traced 
continuously (i.e. modelled as an unknown and not as a variable parameter). In contrast, 
regular opening and closing of the valves have been monitored via the alteration of the 
overall domain geometry. 
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5.2 Simulation of blood flow hydrodynamics and heart valve deformation 
using COMSOL 
COMSOL is an easy to use Willdows based package which provides simple on line user 
guide for its util ization. In order to obtain a simulation for blood tlow through heart valves 
the fo llowing steps need to be taken. 
The first step is to call COMSOL Multiphys ics fro m the Strut/programs menu. A splash 
screen will appear, Model Library can be selected using the top menu bar. Going down the 
list, MEMS Module can be identified by a + sign on its left side, after c licking on this sign 
ano ther li st appears from which Micro tluidics Models should be se lected. TillS itself opens 
another list. To model a combined fluid/so lid system from this list the co mmand of fl uid 
structure interaction should be clicked. The described sequence of cOInmrulds are shown in 
the fo llow ing figures (figure 5.2. I to 5.2.3). 
M.del ..... vigalor 
-------
New 1 ~~~Jer~~~~!L User Models Open settings 
L-.1 Model Librc!lry 
~ ......J COMSOL Mu~hysk:s; 
---l AC/OC Mod...., 
~ +, ---l Acoo" ic:s Modul. ---1 Chemica Engineerng ModtJs "t' ......J Corrponont Ubrer-y + ......J Earth SdSIlCB Module .;. ......J Heot Tronsfer MocUe 
-.J MEMS Module 
... ......J Reectlon Engineering Utb 
1" . ......J RF Module 
+1 ......J Structural Mechanics Module 
o Show all flies 
Lbrary Root ., . Refresh 
Description: 
Figure S.2.1 Model Librru·y Window 
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, Model Novig<a10r 
New Model Library User NIodels Open Settings 
~ Mod el library 
--1 COfV1SOl Multlphyslcs 
__ AC/DC Module 
+J --.J Acoustics Module 
... ___ Chemical El"M)lneering M::Idule 
--.J Component Llbr~ry 
.. -.J Ear th Science ModUe 
., ---1 Heat Trc!lnsfor MocILAe 
--1 f'IIEMS Module 
+J --1 Actuator Models 
+ --I Mlcrofluk:Ucs: Models 
.......J Plazo Models 
tl ---.J Sensor Modek: 
.......J Reaction Eng ineering lc!lb 
... --.J RF Module 
+1 --.J structural Mech.!ln6cs Module 
o Show all f Iles 
Library Root . •. 
COmplllGlional Results and Discussiolls 
Description: 
'" ""neel I I Help 
Figure 5.2.2 Opened MEMS Module File 
Open SeW s 
Ho ~ Component library 
--1 Earth Science Module 
l* --1 Heat Transfer Mooule 
b ..,J r-£MS Modul. 
I"" ---1 Actuator Modeis: 
l- i --1 MiO'oflu,dics Models 
• <!le electroklnetlc2d 
• electrokJnetk: ..... aI ... 03d 
• elactro~otlc bio chip 
electroosmotlc mlcrooumo 
electroosmotic mixer 
fluid structure nteractlon 
• ink;et 
• lamella mixer 
• mlcrodiannel heeU 
• stc!lr chip 
ltJ -l Piezo Models 
---I Sensor Models 
D Sh()O,o'J tl l file:s 
LiJrary Root... Refresh 
Desc~tion: 
Figure 5.2.3 Opened Microtluidic Models File 
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Having chosen Fluid Structure Interaction, the following window appears 
., (Trial license) COMSOl Muttiph)'5ics · ~lIMoving Mesh (AlE) (lIle) : rluid_slrocture_interacHon.mph • I 
Re Edt """" "' .. '*"'" ""'" _ _" .<S,') ~ ... 
D ~ &;: Axes/Im SEttIlOS·" I ~ '" ~ =dH J ~):l il ,r 'I iil IQ {1 010' 'f ~~~==~~~====== 
C<nStarts ... 
Upres5icns 
• Goon, Itteo"'btion ~ vWbles 
f\IkM" EltnJ5im eot.phg VariitEs 
10:01 PtojBctDI~ ... ~ 
_ca-. 
Ft.ncti:ns .. . 
~SystI!ll5.,. 
"""""Ieo./fOru lb.., ... 
Ooss-Setlm liJrary ... 
__ Set ........ 
'flew r.emetrIes .. , 
Zoom 
-'" ubO< PI'«ereoces." 
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Figure 5.2.4 Fluid Structure Interaction Window 
Max: O,(J9; 
As shown in figure 5.2.4 the options menu provides a route to chose physical parameters. 
In the present work these parameters are selected from the values given in table shown in 
figure 5.2.5. These include material properties for both fluid and solid phases including 
fluid viscosity, fluid density, so lid elasticity. A value for maximwn in let velocity is also 
given from this table. Using this value COMSOL calculates a parabolic inlet velocity 
profile as the inlet condition. The use of parabo lic inlet boundary condition is reasonable 
because flow regime inside relatively long confinement of veins and arteries tends to 
become developed. 
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, on lnt 
Nom. Expression Description 
mu le-3 0.001 A l 
,ho rrtOO- - IIXXl -
U_rMX 50-2 0.05 
- ,-- -E 205 205 
-
~--
"- & 
r - -
~ - -
I- - - 1 1" . 
or. 11 Cancel li Apply 11 ~ 
Figure 5.2.5 Table of Constants 
From the draw menu any geometry can be selected and 1l1Oditied, and finally in the Mesh 
menu different types of mesh can be generated using various families of finite elements. In 
this study we have selected linear triangular elements because they offer the most 
convenient way for tracing the deformation of the solid phase which may be curved. 
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Figure 5.2.6 Generated Mesh 
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After the completion of the above described steps the COMSOL is ready to run. 
Using COMSOL post-processing menu all of the results, such as Solid Defonmtion, Fluid 
Velocity Field , Cell Reynolds Number, Von Mises Stress, Shear Stress, Shear Strain and 
etc. can be shown graphica lly. 
5.3 Particle transport modelling code 
This code is developed using FORTRAN. The code is basically developed as a research 
tool and as yet it does not include a user guide. Running of this code is, however, quiet 
straightforward. The required input include: 
i) geometric data in the fOlm of the coordinates of selected points (nodes in a 
problem domain) 
ii) velocity components cOlTesponding to the selected points 
iii) time increment 
The code includes a random number generator subroutine to randomly generate members 
of the diffusivity tensor in the Fokker-Plank equation. However, there are significant 
restrictions which are imposed to limit the numbers generated by this subroutine. These 
restrictions reflect the laminar nature of the flow field and order of chaotic motion expected 
within the domain. It should be noted that as described in Chapter 3 the numerical 
coordinate transfonnation procedw-e embedded within this code is capable of transforming 
any random diffusivity tensor to a normalized form. This degree of freedom is however, 
judged to be excessive and to maintain computing economy the random number generated 
is designed to provide limited output. After the coordinate transformation the so lution o f 
Fokker-Plank equation is can'ied out with respect to the transformed domain. The final 
point-wise results are mapped back to the originally selected points in the rea.! domain by 
multiplying each value by its con'esponding conversion factor. Final result can be shown as 
contour plots using a graphics package such as GEOST AR. 
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S.4 Results and discussions 
According to the described order of simulations inserting a developed inlet velocity profi le 
witb maximum velocity of 0.05 m/s , no sHp walls and stress free exit conditions for 
different sets of physical parameters the fo llowing results are obtained. 
Set 1. Blood viscosjty =0.0006 Pa.s, Fluid density = 1058 kg/m3 , Young's modulus = 2e5 
Pa, 
Befo re considering any output we need to make sure that tbe tlow tield cO ITesponding to 
any given set of data does not become turbulent. Therefore, the first field variable to 
scrutinize is the Cell Reyno lds Number. The reason to re ly on indiv idual Cell Reyno lds 
Number throughout a computational mesh rather than an overall value for tllis 
dimensionless nwnber is that we predict significant variations in flow tield characteristics 
in a co mplex system such as one being modelled. Checking o f the Cell Reyno lds Number 
for each set of data ensures that all pru1s of the flow domain have remained lrumnar. In 
figure 5.4.1(a) va lues of Cell Reyno lds Number cOlTesponding to tile data set number I are 
shown. 
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Figure S.4.1(a) Cell Reyno lds Number Distribution Corresponding to Data Set No.1 
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The maximum value is at the exit section. This because that although fluid velocity on 
tbe region above the obstruction representing part of the heart valve is higher in tJli s 
section a very fine mesh is used and hence characteristic flow domain length is very 
small. In contrast the used mesh at the ex it section is coarse with large cell s. Therefore 
COMSOL uses the Cell Reynolds Number as an indicator for the evaluation of 
adequacy of mesb refmement used in a flow computation. As the most important part of 
the domain in tbe present problem is around the obstruction and the Cell Reynolds 
Number for this region is quiet low it can be concluded tJ13t tJle simulated results are 
accurate. On tJle otJler hand significant difference between the minimum and maximum 
Cell Reynolds Numbers (ranging from nearly 0 to 2.4 for individual cells) proves tJlat 
although tJle flow regime is laminar it can never be considered to remain creeping ruld 
inclusion of inertia tenns in the governing equation of motion for the fluid phase 
(equation 3.25 and 3.26 Chapter 3) is necessary despite the adverse effect of such 
inclusion which makes tJle equation of motion highly non-linear. 
Figures 5.4.1 (b) and (c) show the simulated velocity and pressure fields with respect to 
tJle data set number 1, respectively. These results cOITespond to 1 second after the strut 
of the flow and demonstrate tJle defonnation of the herut valve section from its origina l 
shape (straight section as shown in figure 5.2.6). The se lected time period of 1 second 
cOITesponds to the nonnaJ duration of a heart beat. III order to investigate the effect of 
tJus selection simulation was also obtained for a significrult ly longer period of 4 
seconds. This experiment showed that steady state sets in after 1 second and su bsequent 
ChrulgeS ru'e negligible. Therefore after 1 second maximum degree of deformation of the 
herut valve section is predicted. As discussed later in this section this prediction 
provides a quantitative evaluation for the design of an artificial herut valve. The 
conclusion that results do not chrulge even if a longer period of 4 seconds is used shows 
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that the present analysis cOITesponds to a worst case scenario as far as the deformation 
of the heart valve tissue is concemed. Although adopting tlus scenario results in over 
design of the required strength of artificial heart valves it is necessary from a safety 
point of view. As expected maximum velocity is predicted to be in the nan'owest region 
of the domain. 
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Figure S.4.1(c) Simulated Pressure Field Corresponding to Data Set No. I 
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Tbe predicted pressure fie ld again cOITesponds to theoretica lly expected pattern. The 
main indicator for the accuracy of the pressure field is that, as is shown in figure 
S.4. I(c), the gl·adual pressure drop should remain restricted to region after the 
obstruction. 
In tigure 5.4.1 (d) predicted displacement (deto nnation) of the obstruction representing 
heart va lve section together with the streamlines are shown. As described in Chapter 3 
displacement of tbe so lid phase is calculated after the simulation of the tlow tield and 
setting o f the stress exelted by the tluid motion on the outside boundary of this section 
as the boundary condition. Predicted streamlines show a region of stagnation 
immediately after the obstruction. This is probably tbe most important finding of tlus 
set of resu lts. Stagnation o f blood tlow inside the heart is the main cause in many types 
of beart valve disease. As shown later it also gives results in delay in clearance of solid 
pruticJes caJTied by blood through the valve ruld ultimately deposition o f so lids on 
surface tissues. 
15 
13 
O' 
0.7 
O. 
03 
0.1 
~.1 
~.7 
~.9 
I>\)J . J~5 
. Xl ' 
1S 
1.< 
1.2 
OB 
O' 
OA 
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Streamlines Corresponding to Data Set No. 1 
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In line with the prediction of the deformation of the so lid section stress build up within 
it is al so predicted. Figure 5.4.1 (e) shows the predicted disttibution of shear stt·ess in 
corresponding to data set number I. It is, however, impottant to note that study of 
individual components of the build up stress within the obstruction represent heatt 
valve is not very useful. 
1iffil:"''I 5u:fa(:e: sXY shear stress glcbaI M. (pal BoI.nd<rv: 1 Str&l~ne: veIodt\' flad (mJs l Ma x: 2950.674 
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Figure 5.4.1 (e) Simulated Shear Stress Corresponding to Data Set No. 1 
In order to draw practical conclusions from these results the Von Mises stress defined 
as: 0- = ~(o- -0- )' +~(o- - 0- )' +~(o- - 0- )' +3-, ' [ ]"' v 2 x ., 2 " l 2 l X xy (5. 1) 
where o-x etc. represent normal (bo th compressional and tensile) components of the 
total stt·ess tensor and 1" xy is the shear stress component, should be calculated. For any 
given material there is a thresho ld defUled in tenus o f the Von Mises stress beyond 
which the material fails to maintain its structural integrity (Nassehi , et al, 1993). Such 
fa ilure stalts as haidine cracks sometimes developing to a complete disintegration of 
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the material. The analysis of predicted Von Mises stress, therefore prov ides the most 
fundamental calculation in the design of artificial herut valves. The predicted Von 
Mises stress cOITesponding to the above set of data is shown in figure 5.4.1 (t). 
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Figure 5.4.1(1) Simulated Von Mises Stress COITesponding to Data Set No. 1 
As expected the region which bears the maximum ruTIount of Von Mises stress is at the 
base of the so lid section. 
At the end of the simulation of the blood flow ruld herut valve deformation the obtained 
velocity used to run the prut icle transport mode l. The results con'esponding to the data set 1 
are shown in figw-e 5.4.1 (g). Starting from an inlet concentration representing 0.5% 
volume fraction a maximum value of 1.1 % at the stagnation region is predicted. The 
location of the predicted peak exactly con'esponds to the theoretical expectations. A very 
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important point to mention is that the COMSOL (which uses a detem1inistic so lution of 
convection-diffusion equation) fail s to generated a similar result. 
Figure S.4.l(g) Simulated Partic le Distribution COITesponding to Data Set No. I 
The comparable result obtained by the COMSOL is shown ill figw'e 5.4.1 (b) 
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As shown in figure 5.4.1 (h) in the simulation generated by the COMSOL values of 
concenu'ation remains equal to the inlet value of 0.5% volume fraction throughout the 
domain and no peak is predicted. The reason for tllis is that in dealing with relatively low 
concenU'ations of so lids (which is the case for the solids calTied within tile blood stream) a 
scheme based on the so lution of the Fokker-Plank equation offers a better and more 
realistic approach. This is because that, unlike tile implicit finite element metllOd used by 
the COMSOL to so lve a continuum based convection-diffusion equation, the Fokker-Plank 
equation represents the probability of the existence of a particle on a discrete and point by 
point system. This means tlJat individual peaks of probability can be detected without being 
smoothed out over a continuum A continuum based fmite element scheme inevitably uses 
an upwinding scheme to preserve tile stability of tile numerical simulations in so lving a 
hyperbolic (i.e. convection dominated) partial differential equation such as the convection-
diffusion equation. Any local peak in the result is hence reduced in magnitude. If tile 
starting value (in this case the solid concenu'ation) is naturally low it becomes damped out. 
Values of particle volume fraction are inserted into equation of state (equation 3.28) to 
update the blood viscosity. Using updated fluid viscosity the entire simulation loop can be 
iterated. It should be mentioned here that the calculation of viscosity using equation (3.28) 
depends on knowing tile values of coefficients ( A. , and A. 2 ) which are relevant to human 
blood. These can be determined by experimental measurements which are clearly beyond 
tile scope of present project. Therefore in this work previously published values which 
represent low concentration slurries have been used (Richardson, 2002). Although the 
proposed methodology remains, in principle, valid its practical applicability is therefore 
diminished. In view of tillS it was decided to adopt a 'worst poss ible scenario' approach in 
which tile effect of siglllficant rises in blood viscosity can be analysed. Despite tllis 
simulation of particles distribution remains crucially important. TIllS is because tl13t 
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independent from using particle concentrations to update blood viscosity determination of 
solids concentrations in the vicin ity of wall t issues within human heart is of cruc ial 
impoltance in ffiO ll itoring the health of this vital organ. According to modem cardio logic 
research there are two major causes for heart failure. One is oan·owing of arteries because 
o f the deposition o f high leve ls of certain types o f fatty substances (cho lestero ls) on artery 
walls and the second is localized rise in the concentration of so lids (plaques) in the vicinity 
of heart valves (Agatston, 2006). Therefore the predictive capability deve loped in the 
presellt research provides an important novel techillque for detecting possible problems 
associated with the transport and distribution of soJjd particles within human heart. 
Anotber inlportant conclusion from the behaviour of COMSOL package can be drawn is 
that, based on the so lution shown ill figure 5.4.1 (h), there is an in-built mechanism inside 
COMSOL to smooth out so lution to avo id unstable results due to high Peclet or Reynolds 
numbers. However, it seems that the said mechanism damps out the realistic results as well 
as parasitic oscillations. In this case it has resulted a very smooth (and wrong) output. 
Ln the second set of input data fluid viscosity is doubled whilst all other parameters have 
been kept the sanle as the tirst set. Thereto re we have used the to llowing values. 
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Set 2. Fluid viscosity =0.001 2 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, 
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Figure S.4.2(a) Cell Reynolds Number Distribution Con·esponding to Data Set No.2 
The sequence of simulated output shown in figures 5.4.2 (a) to 5.4.2 (b) does not point to 
allY qualitative variations between this set of results and the previous case. However, 
quantitatively they are different and in particular, there is a significant rise in the maximum 
predicted v on Mises stress(Figure 5.4.2.(t) which ri ses from a value o f about 1.2 x10 4 Pa 
to 2 x l0 4Pa at the base of the so lid section. Tllis is an important prediction which 
indicates that a rise in blood viscosity directly affects the stress exelted on the heart valve 
tissue. 
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Figure 5.4.2(c) Simulated Pressure Field COITespollding to Data Set No. 2 
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To further investigate the effect of rise in blood viscosity the fo llowing data set is used. 
Set 3. Fluid viscosity =0.001 8 Pa.s, Fluid density = 1058 kg!m ' , Young's modulus = 2e5 
Pa, 
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Figure 5.4.3 Simulated Von Mises Stress Corresponding to Data Set No. 3 
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Set 4. Fluid viscosity =0.0024 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, 
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Figure 5.4.4 Simulated Von Mises Stress COIl'esponding to Data Set No. 4 
Set 5. F luid viscosity =0.0030 Pa.s, F luid density = 1058 kg/m 3 , Young' s modulus = 2e5 
Pa, 
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Figure 5.4.5 Simulated Von Mises Stress COIl'espouding to Data Set No. 4 
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As can be seen in figure 5.4.3 Von Mises stress lises again. However, it is important to 
note that this ri se is not exactly proportional to the increase in viscosity. The initial 100% 
increase in blood viscosity results in a 67% rise in maximum Von Mises stress. The 
subsequent 50% rise, however, generates a li se of about 35% in the maximum Von Mises 
stress which is propolt ionally more than the rise in viscosity. TIns provides an indication 
that adverse effect of increasing blood viscosity can be more severe than expected. In Table 
5.4.1 the increas ing trends in the inselted blood viscosity and the predicted maxim um Von 
Mises stress are shown and compared. 
Viscosity Percentage rate of Predicted maximum Percentage rate of 
(Pa.s) increase Von Mises Stress (Pa) increase 
0.0006 1.2x 10 4 
0.001 2 100% 2 x 10 4 67% 
0.001 8 50% 2.7 x 10 4 33% 
0.0024 33% 3.17 x l0 4 17% 
0.0030 25% 3.56 x 10 4 12.3 1% 
Table 5.4.1 Comparison of the rate of increase in blood viscosity and maximum Von 
Mises stress 
Further numerical experiments show that the trend o f incremental rise in the Von Mises 
stress, given in table 5.4.1, changes significantly if the increase in blood viscosity results in 
altering the predicted flow and deformation pattems. To illustrate this point the fo llowing 
data set is used. 
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Set 6. Fluid viscosity =0.027 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, 
As shown ill figures 5.4.6 (a) to 5.4.6 (d) the deformation in the solid section is very large 
and there is a significant depruture fi'o m the previously predicted pattems. 
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In this case an, approximately , one order of magnitude increase in viscosity (from 0.003 Pa 
s to 0.027 Pa s) results in more than two orders of magnitude in the predicted maximum 
Von Mises stress. This can catastrophically affect the integrity of the soft solid tissues or 
synthetic material that are used in artif icial heart valves. 
Although blood density is a physical parameter appearing 111 the governing equation of 
motion its variation is not expected to have an influence comparable to that o f viscosity on 
tbe bebaviour of the system consisting of blood IheaJt valve. Obviously increase in blood 
density can be related to the presence and distribution o f solid particles within blood 
stream. However, changes of density cannot be very large as the low concentrations of 
solids normally present within blood sU'eam cannot signitlcantly alter its density. However, 
in order to quantify tbe influence of density variations on the behaviour of the present 
system a set of simulation based on the fo llow ing data set has been conducted. 
Set 7. Fluid viscosity =0.OOl2 Pa.s, Flu id density = 1100 kglm 3 , Young's modulus = 2eS 
Pa 
As the output presented U1 figures 5.4.7 (a) to 5.4.7 (t) indicate there is no noticeable 
change due to the given rise in the blood density in the bebaviow' of the present system 
Results are all as expected (i. e. stagnation region is reduced in size and intensity). 
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The next impoltant step in the present study has been the investigation of the influence o f 
so lid section's e lasticity on the behaviour of blood flow/ hernt valve systeln Using the 
fo llowing data set in which the Young's modulus of the so lid phase is taken to be half of 
the value used in the previous set of simulations new predictions are obtained. Tills means 
that the solid is more flexible than the previous case. 
Set 8. Fluid viscosity =0.0012 Pa.s, F luid density = 1058 kg/m3, Young's modulus =leS 
Pa, 
Results obtained using this set are shown in figures 5.4.8 (a) to S.4.8(t). The mam 
difference in tillS case with the previous simulations is that due to a larger defonm tion of 
the heart valve section the stagnation region has disappern·ed. Tills means that if tile tissue 
of the valve is less hardened it will have more flexibility and as a result will work better. 
Tills is as expected because it is known tllat hrn·dening of the blood carrying ti ssues (e.g. as 
a result of smoking) impairs the operation of tile hernt valves. 
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Figure S.4.8(a) Cell Reynolds Number Distribution COlTesponding to Data Set No.8 
90 
Chapter 5 CompUlational Results anti Discussions 
n~o. 18183S Sl.sf.Y.~ VeIodtv ~ [m/s) Max: 0.155 
~ 
1.7 
15 
13 
1.1 
0.9 
0.7 
05 
03 
0.1 
-(Ll 
.0.3 
.0.5 
.0 .7 
.0.9 
. 1.1 
0 .2 0.4 Ob 0.8 1.2 1.4 106 l B 2 2.2 2 04 206 2 B 3 
x1O'" Mn: 2~1 
Figure S.4.8(b) Simulated Velocity Fie ld COlTesponding to Data Set No_ 8 
Time-Q.181935 Suface: Pressu-e [Pa) Max: 117.~2 
-. 
1.7 
15 
13 
1.1 
0.9 
0.7 
05 
03 
0.1 
.0.1 
.0.3 
.o.S 
.0.7 
.0.9 
. 1.1 
0 02 0.4 Oh OS u u U W 2 U U U ~ 3 
xlO'" t>tn: ·2671 
Figure S.4.8(c) Simulated Pressure Fie ld Con-esponding to Data Set No. 8 
91 
Chapter 5 CamplIta/ional Resulls and Discussions 
TlrT'e'"o.181fB5 SlJfa(e: Tol<II dspQcement [m] BoI..ndarv: 1 St,.eamli~ V80dtv 6eld [mJs] Mall: 'I.J690:.5 
1.7 
15 
13 
1.1 
0.9 
0.7 
05 
03 
0.1 
.Q. l 
.Q.3 
.Q.5 
.Q.7 
.Q.9 
-1.1 L _______________________ ----' 
o 02 0.4 DJ) OB 
Figure S.4.8(d) Simulated Displacement (Deformation) of the Heart Valve Section and 
lh 
1.4 
12 
O' 
Oh 
0.4 
02 
o 
-0.2 
.QA 
.Q.6 
.Q.B 
Streamlines Con·esponding to Data Set No.8 
T1me-Ql811135 Stlface: sXY sh6lr sb'es:s ~cbaI M. [pal 8ou"Idarv: 1 
Stl'6Inine: Velocity fiEld (mJs 1 Mal: 7532.891 
.,L-~~----~~--~----____ --------------~ 
o ~ M U M U U U " • U ~ n ~ 3 
xID" Hn: -4f'X8.Z72 
Figure S.4.8(e) Simulated Shear Stress Con·esponding to Data Set No. 8 
92 
Chomer 5 
1.7 
I S 
13 
1.1 
0.9 
0.7 
OS 
03 
0.1 
Computational Results and Discussiolls 
l1rne-o. l81B3S SUf;)(:e: YOO Mses Slress [Pal Ba.nir'v: 1 S1Jearriire: Wocity It.4d [mfs) Mal: 2D44e4 
' wo 
12 
Figure 5.4.8(1) Simulated Von Mises Stress Con'esponding to Data Set No. 8 
As before another important issue to consider is the effect of altering the Young' s modulus 
of the heart valve tissue on the predicted maximum Von Mises stress exerted onto the so lid 
phase. To conduct such an analysis a number of simulations based 0 11 various values of 
Young's modulus have been obtained. These results are shown and compared in table 5.4.2 
Set 9. Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m ' , Young' s modulus = 2.5e5 
Pa, 
Predicted Von Mises stress distribution within the solid phase corresponding to the data set 
9 is shown in figure 5.4.9. Note that as the Yo ung's L"LlOdulus has increased the stagnation 
region has again appeared. 
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Set 10. Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m ' , Young's modu lus = 3e5 
Pa, 
Figure 5.4.10 shows the predicted distribution of the Von Mises stress ill the solid phase . 
. 
,. 
" 
" 
" ... 
., 
, ~ 
.. , 
, 
..  
.. 
" ..
os 
0.' 
03 
.~ 
.. , 
.. , 
.~ 
., 
•.  
• s 
•• .5 ., 
•• 
..  
. , 
-1.1 
• 0' 0.' •• OB I .:' 1.4 1.6 1.8 .., .. :::.4 :::.6 211 3 
..1 0-4 Mo n: 1X! .0)9 
Figure 5.4. 10 Simulated VOIl Mises Stress CO'Tesponding to Data Set No. 10 
94 
Chapler 5 Compulational Resulls and Discussions 
Young's Percentage rate of Predicted Maximum Percen tage 0 f 
Modulus (Pa) increase Von Mises Stress (Pa) lIlcrease 
I x lO ' 2x 10 4 
2x lO ' 100% 2.15 x 10 4 7.5% 
2.5x IO ' 25% 2.34x 10 4 8.85% 
3x 10 ' 20% 2.5 x 10 4 6.83% 
Table 5.4.2 Comparison of tbe rate of increase in Young's Modulus and maximum Von 
Mises stress 
As shown in table 5.4.2 maximum predicted Von Mises stress increases as the Young's 
modulus increases (material behaves more like a rigid so lid than a soft so lid) . However 
this increase is not as large as the increase observed by increasing blood viscosity. Tllis is 
al so as expected because it is known that normal process of aging results in the hardening 
of blood clllTying ti ssues and hence resistance gained by natural evolutionary processes 
should have provided human body with mechanisms to cope with adverse effects o f tissue 
hlll·dening in the absence of additional detrimental factors. 
The next importllllt factor to 1lI1al yse is changing 0 f the 0 veral I geo metry 0 f the pro blem 
domain. ill order to simulate opening of dIe heart valve the gap between the tip of the 
obstruction and the upper wall of the domain is increased. Tllis is reflected in the fo llowing 
two data sets. 
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Set 11. Fluid viscosity =0.001 2 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, h=O.1 m (the gap is 1.42 times larger than the OIiginal case). Results shown in figures 
5.4.11 (a) to 5.4.11(t). 
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A similar run based on larger gap (data set number 12) also confmlls the results obtained in 
the previous run (figure 5.4. 12(a) to figure 5.4. 12(t)). 
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Set 12. Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m 3 , YOWlg' S modulus = 2e5 
Pa, h= 1.5Ill 
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The next remaining factor whose influence is simulated is the inlet velocity. As mentioned 
earlier originally imposed inlet velocity profile cOITesponded to the heart activity during 
rest. The influence of tins factor should be analysed from two different points of view. On 
one hand it is expected that an increase in blood velocity (e.g. because of exercise) should 
be beneficial as it will inevitably reduce the size and intensity of tile stagnation zone and 
the related rise in so lid particles concentration in tile vicinity of healt valve tissue. 
However, obviously more stress wi ll be exerted on the herut muscles aIld Von Mises stress 
will rise. Therefore in making a judgment about the appropriate level of inlet velocity 
increase (which may for example be related to the type of exercise can'ied by rul individual) 
the level of stress that will be caused by such an increase should be qUaIltified. Fo llowing 
results conftrm tlli s point and provide meaIlS of quantitative analysis of the effect of 
velocity increase. 
Set 13. Fluid viscos ity =0.0012 Pa.s, Fluid density = 1058 kg/m 3 , Young' s modulus = 2e5 
Pa, U m", =30e-2 m/so The sinlUlated cell Reynolds number corresponding to tins data set is 
shown in tigure 5.4.13 (a). 
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As this tigure 5.4.13 (a) indicates despite a 6 fo ld increase in the maximum inlet 
ve locity the flow regime remains well widlin the laminar region. Furthermore dJe 
adopted mesh refUJement is still suitable for the purpose of the present simulations. 
Simulated veloc ity, pressure, so lid displacement and stream lines are shown in tigures 
5.4.13 (b) to 5.4. 13(d). As shown in figure 5.4.13 (d) dlere is no stagnat ion region 
behind the defomled so lid section. 
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The simulated stress tields corresponding to the data set 13 are given in figures 5.4. 13 
(e) and 5.4. 13(t) as expected maximum Yon Mises stress is significantly increased. 
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Futther investigation o f the effects of the increase in the inlet velocity has been based O il 
the following data sets. 
Set 14. Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m 3 , Young' s modulus = 2e5 
Pa, U """ =20e-2 m/so The set of results obtained for this set of data is as expected. These 
are showll in figures 5.4.14 (a) to 5.4.14(d). 
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The fo llowing data set colTesponds to a relatively small increase 111 the in let velocity in 
comparison to the rest time value of 0.05m/s. 
Set 15. Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, U """, = lOe-2 m/s. Results obtained for this set are shown in figures 5.4.15 (a) to 5.4. 15 
(d) . 
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According to the predictions shown in figure 5.4.15 (c) a stagnation region will be 
established despite the increase in the velocity. However the intensity of this zone IS 
significant ly reduced. This can be seen from the prediction corresponding particle 
accumulation sho wn in figure 5.4.15 (e). 
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Figure S.4.1S(d) Simulated Von Mises Stress Corresponding to Data Set No. 15 
Figure S.4.1S(e) Simulated particle distribution corresponding to a maximum of 0.75% 
volume fraction 
In table 5.4.3 the influence of successive increase in the inlet velocity on the maximum 
predicted Von Mises stress is shown. This comparison provides a basis regarding the 
evaluation of the suitability of any exercise regime for adults. 
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Velocity Percentage rate of Predicted Maximum Successive percentage 
(m/s) increase Von Mises Stress (Pa) rate of increase 
Sx 10 -2 2.1S X 10 4 
lOx 10 -2 100% 3.14x 10 4 46% 
20x 10 -2 100% 4.49 x 10 4 43% 
30x 10 -2 SO% S.62 x 10 4 2S% 
Table 5.4.3 Comparison of maximum predicted Von Mises stress obtained with respect 
to the maximum inlet velocity 
The next remaining factor whose influence is simulated is the thickness oftbe valve. Using 
the fo llowing data sets in which the thickness of the so Lid phase is altered new predictions 
are obtained. In general the results are as expected because it is known that thickening of 
the valve tissue impairs its operation. 
Set 16. Fluid viscosity =0.0012 Pa.s, Fluid density = IOS8 kg/m 3 , Young' s modulus = 
2eS Pa, 
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Set 17 Fluid viscosity =0.0012 Pa.s, Fluid density = 1058 kg/m 3 , Young's modulus = 2e5 
Pa, 
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As before another important issue to consider is the effect of altering the thickness of the 
heart valve tissue on the predicted maximum Von Mises stress exerted onto the so lid phase. 
To conduct such an analysis a number of simulations based on various values of valve's 
thickness have been obtained. These results are shown and compared ill table 5.4.4. 
Valve's thickness Percentage rate Predicted Maximum Successive percentage 
of increase Von Mises Stress (Pa) (Pa) rate of decrease 
0.02 x lO-4 8.484 X 10-4 
0.05 x l0-4 150% 2. 151 x lO-4 74% 
0.08 x 10-4 60% 1.323 x 10-4 38% 
0.1 x lO-4 25% 0.9962 x lO-4 24% 
Table 5.4.4 Comparison of the rate of increase in valve tissue thickness and maximum 
Von Mises stress 
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Conclusions and Suggestions for Further Research 
Introduction 
In this chapter the main conclusions drawn from the present research are explained 
and discussed. It is shown that the current project has resulted in the development and 
implementation of a modelling methodology for the predictive analysis of blood flow 
and heart valve deformation. Using this methodology it is possible to obtain valuable 
results regarding the influence of various factors on the operations of heart valves. 
This information also provides useful quantitative data which can be utilized in the 
computer aided analysis and design of artificial heart valves. A very important feature 
of the approach adopted in the present study is that all of the modelling work can be 
conducted using ordinary computers and pes. Obviously a complete fulfilment of the 
goal of predictive modelling of blood flow through human heart which does not 
depend on any approximation is beyond the scope of any single PhD project. 
Therefore this research should be viewed as a milestone in achieving the ultimate aim. 
Findings of this study, however, clearly points to the next achievable milestone and 
hence the chapter includes a list of suggestions for further research in this area. 
6.1 Conclusions 
The stated aim of the current project, namely, development of a methodology for 
conjunctive modelling of blood flow heart valve deformation in combination with the 
simulation of solid particle transport within the blood stream has been fulfilled. This 
work has, therefore, provided important new insight about the effects of various 
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factors such as viscosity of blood, elasticity of heart valve tissues, concentration of 
solids carried within the blood stream and blood flow velocity on the operation and 
conditions of heart valves. In what follows the most important conclusions of the 
present research are outlined. 
~ Significant simplification resulting from combining transient blood flow 
scheme with a tissue deformation model which remains steady state during 
each time increment is the most important rational approximation regarding 
the combined modelling of blood flow heart valve system. This assumption 
remains valid only if the valve tissues are regarded to be completely 
impervious. However, this is not an unreasonable assumption in most cases. 
Extension of the described combined modelling to situations where this 
assumption cannot be made requires major new developments. 
~ Modelling of solid particles distribution within the blood stream by a 
continuum based scheme such as the finite element method fails to generate 
meaningful results. Therefore this simulation should be based on a point by 
point approach such as the utilization of the Fokker-Plank equation. 
~ Physical parameters such as blood viscosity and Young modulus of heart 
valve tissues have significant effects on the behaviour of blood flow-heart 
valve systems. On the other hand minor variations in blood density is less 
significant. 
~ Increasing blood flow velocity which may be achieved by physical activity 
results in noticeable drop in the build up of solid particles in the vicinity of 
heart valves. Modern cardiological research suggests that even in cases where 
there is no narrowing of arteries or hardening of artery walls apparently minor 
localized build up of solids in these areas within the heart can be very harmful. 
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Therefore the present project provides a simple methodology for the prediction 
and prevention of heart disease. 
6.2 Suggestions for further work 
The decided scope of the present research programme provided the guideline for the 
direction of the project and the order of the priority of challenges that were addressed 
in this study. Obviously an important priority in the present project was to develop a 
convenient modelling methodology capable of generating useful predicti ve results. 
Therefore it was considered to be acceptable to use the COMSOL package which 
provided a reasonably robust tool to carry out the tasks related to the present research. 
However, the combined modelling of the behaviour blood flow hydrodynamics and 
heart valve deformation is a complex mUlti-physics problem. In order to include some 
of the more subtle conditions which affect such a model in the simulations maximum 
the modeller should have maximum freedom to alter and manipulate the modelling 
code. Therefore the most major recommendation for future work is to consider the 
construction of an in-house developed code for the blood flow part. This code can 
then be incorporated in a software which handles conjunctively with the particles 
distribution code. Other recommendations for future work are as follows. 
>- Modelling should be extended to three-dimensional domains to make it more 
realistic. From a theoretical point of view this extension is straightforward. 
However, significantly more powerful computers may be needed to run such a 
code. 
>- In the present work shear dependent variations of in blood viscosity was 
considered to be unimportant. Generally, lack of meaningful and relevant 
rheological data precludes the incorporation of this type of non-Newtonian 
behaviour. However, results published by experimentalists working in this 
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area provide some evidence that variations of blood viscosity (shear thinning) 
may be important. Again from a theoretical point of inclusion of shear 
dependent variations of viscosity into the described model is straightforward 
and further work in this direction may be useful. 
~ A significant deficiency of almost all types of modelling studies which deal 
with bio-logical systems, in general, and blood flow related phenomena, in 
particular, is lack of reliable experimental data. An important reason for this 
situation is that without a significant modelling effort it is not possible to 
identify the most important physical factors which influence these systems. 
Therefore a modelling study such as the one reported in this thesis is a 
prerequisite for designing useful experiments. Insight provided by the present 
work can hence be used to collect important experimental data. 
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PAPER 1 (Submitted) 
Journal of Communications in Computational Physics 
A NUMERICAL METHOS FOR SURFACE FITTING 
L.Shojai, V. Nassehi, M. R. Mokhtarzadeh 
Abstract: In this paper a novel technique for surface fitting based on the diffuse 
approximation method is presented. The diffuse approximation method used in 
this technique is an extension of the moving least squares approach. It is shown 
that the scheme provides a powerful, convenient and cost effective procedure for 
the fitting of complex surfaces. Therefore the developed technique can be used as 
an effecti ve CAD tool. 
Keywords: surface fitting, diffuse approximation, moving least square scheme 
1 INTRODUCTION 
Computer aided data fitting procedures are increasingly used in many types of engineering 
operations. In particular, curve, surface and volume fitting modules are incorporated into 
CAD tools to enable industrial design engineers to generate various geometrical domains with 
ease and efficiency. In the past decade data fitting schemes based on the least-square method 
have been focus of intensive research. In this paper we present a new method which offers 
greater flexibility in fitting complex surfaces. Fundamentally this method is based on the 
least square techniques, however, it uses a novel approach to enhance the computational ease 
and improve efficiency. This is achieved by the construction of a flexible approximation for a 
desired surface geometry by utilisation of moving weighted least square procedures [1-3]. 
Examples of the application of the scheme to generate axisymmetric and non-symmetric 
surfaces are presented in the paper. 
2 Diffuse approximation technique 
The diffuse approximation technique starts with the selection of points of interest (Le. nodes) 
on a problem domain Q (Q c 9tki ). In this domain the approximation of a function u, 
u:Q -79t\ Q=QUiiQ over the nodal points is formulated by the minimisation of the 
following functional 
N 
J[Q C~:)]= IW(,!,,!;)[pT(,!,)·Q(!)-!!.i12 (1). 
i=l 
are nodal coordinate arrays defined as 
:!=[xl'x2 , ••• ,x,f ''!i=[x:,x~, ... ,x!f, respectively. Here, p (x,) represents the set of base 
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functions, g (,!) is the M dimensional array of unknowns, u, = u(x,) is the value of the 
function u at node number i. N is the total number of nodes and W (,!,,!,) is a weight function. 
Often, the base functions are formulated by the tensor product of polynomials written in terms 
of spatial variables,!,. i=l •...• k. For example a bi-quadratic base function in a two-
dimensional space is found as [1,xl'x;)®[l,x2,x;). However, as shown later in this paper, 
other types of functions can also be used as the base functions in the diffuse approximation 
techniques. The process of the minimisation of J with respect to g (,!) is shown as 
aJ[a(x») 0 
ag, (,!) 1= 1,2, ... ,M (2). 
This leads to the formulation of the following system of linear equations 
A(,!).g(,!) = B(,!)D (3) 
Here A(,!) and B(,!) are M x M and M x N matrices, respectively, and are expressed as 
A(,!) = [a" (,!») and B(,!) = [,8" (,!») where 
N 
a,,(,!) = LW(,!,,!,)p,(,!,)p,(,!,) r,s = 1,2, ... , M (4) 
;=1 
and 
,8" (,!) = W (,!,,!,) p, (,!,) 
r = 1,2, ... ,M ; i = 1,2, ... ,N 
and U =[ul'u2 , ••• ,uN f. 
(5) 
The diffuse approximation of u may now be expressed as 
u h (,!) = p(,!).g(,!) (6). 
The uniqueness and convergence of the diffuse approximation has been studied previously [4) 
. In summary, it has been shown that the uniqueness of the result depends on the unisolvent 
property of the base functions. Moreover, a node-wise convergence theorem, based on the 
generalised positive definiteness condition of matrix A(,!), has been derived. Formal error 
analysis of the described diffuse approximation technique is also available in the literature [5). 
In practice, in order to implement the described procedure, the following set of input data 
should be given: 
• Total number of nodes (N) and nodal coordinates (,!,) on Q, 
• Base functions and their dimension (M), 
• Weight function (W), 
• Nodal values for which a fit is sought ( U). 
2.1 Selection of the weight function 
The existence and the smoothness of the diffuse approximation primarily depend on the 
selected weight functions. Thus, during the construction of the diffuse approximation for any 
given function, appropriate weight functions with suitable properties should be used. In this 
study we have used the following analysis to formulate a practical guide for the selection of 
appropriate weight functions. The only condition required to make this analysis possible is 
that the weight function should be positive-valued, i.e. W: 9\k x9\k -,) 9\+. After this 
condition is fulfilled, we show that there exists at least one family of weight functions which 
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can be used to generate a diffuse approximation for the unknowns. The coefficient matrix in 
equation (3) can be factorised in the following manner 
A(,!) = PGWD(,!)p[ (7) 
where PG is an M x N Grammian matrix [6] formed by the base functions, WD (,!) is an 
NxN diagonal matrix consisting of the weight functions and p[ is an NxM matrix which 
represents the transpose of PG . In the singularity of matrix A(,!) and the existence of its 
inverse is self -evident by the regularity of the square Grammian matrix and its transpose and 
also the positiveness of the weight function. Therefore in this case, at the least, equation (3) 
can be solved to obtain g(,!) and the validity of equation (6) is assured. In the present work to 
enhance the smoothness of the approximation the weight functions are chosen on the basis of 
the following power function generator 
W(,!) =[1_(11 ~~llrJ, d m E 9t+ kE Z+ 
Where 11 * 11 is a k dimensional Euclidean norm and the required weight function on a given 
node ,!, is generated by a shift of the generator to that node. The domain V; around the node 
,!, is defined as the dm neighbourhood of ,!,. On the boundary of this domain, denoted by 
ilV; and corresponding to dm =II'! -,!, 11, the value of the weight function is zero. In order to 
define power weight functions with compact support it should also be ensured that these 
weight functions remain zero outside of V,. This can be readily achieved by the use of a large 
value for dm • In practice, however, this condition can be ignored to generate non-compact 
supported but smoother weight functions. A further simplification of the computations is 
achieved by the normalisation of the relationships to make the sum of the weight functions 
unity. 
3 SURFACE FITTING 
After the construction of the diffuse approximation space any data fitting problem can be 
defined as a mathematical object in this space in the form of an array as 
Object = {das,data, rda} 
In this definition: 
I-das = {N, p, W, X}, is the diffuse approximation space consisting, respectively, of selected 
nodal points, base functions, the weight function generator and the coordinates of the nodes 
where the approximation is sought. Here if desired X can be chosen to be identical to N . 
2- data = rJ , is the given data (i.e. function values) to which a fit is required. 
3- rda = {R}, is the result of the approximation. 
A wide variety of nodal point arrangements, base functions and weight functions can be 
selected to carry out the described approximation. However, these selections should not be 
made randomly and the nature of the given problem should be used as a guide to make the 
most appropriate choices. This does not restrict the flexibility of the technique and as shown 
later in this paper a large number of options are always available which make it possible to 
find a good solution in majority of cases. 
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operator 
da :{N,P,W,X,O}~{R} 
Appendix A 
can be summarised by the construction of the following 
(8) 
where again X represents the points at which a result for the function - whose values at 
nodes N are given as D - is sought and R represents the obtained approximate fit (i.e. u h ) 
at these points. 
The insertion of one, two or three-dimensional nodal data into N in symbolic relation (8) 
leads to curve, surface and volume fitting, respectively. 
To elucidate the described procedure a number of test problems are given later in this paper. 
These examples include fitting ofaxisymmetric and non-symmetric surfaces. 
4 TEST APPLICATIONS 
To elucidate the application of the described approximation technique to data fitting and 
mapping problems, in this section a number of representative surface fitting and domain 
transformations are presented. To reduce the round-off errors, all of the results are found with 
a precision of 50 significant places after the decimal point in the computations. 
4.1 Test Problem No.I.Fitting of an axisymmetric surface 
In this problem generation of a fit for an axisymetric surface is considered. This surface is 
shown in figure I and as can be seen includes both discontinuous sections and a singular 
point. 
Figure 1· Three dimensional surface involving discontinuity and singular point 
Because of the axisymmetry of this surface it can be generated by the rotation of the curve 
shown in figure 2 around its axis of symmetry. 
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Figure 2- Curve generating the surface shown in figure 1 
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Therefore this is essentially a curve fitting problem and the entire surface can be generated 
simply by the rotation of a suitable fit for the curve shown in figure 2. In figure 3 the fitted 
curve obtained by the insertion of the following input in the present diffuse approximation 
algorithm is shown. 
N = {O,i,i, ... ,1f,l} 
Therefore the total number of members of this set is 50. 
P = {1,x, ... ,X7,U1(X)} 
2 
where U1 (x) is the unit step function with unit jump at the point x = t. Weight function W is 
2 
found using power weight function generator defined in section 2.1 with k = 4 and d m is a 
suitable radius of neighbourhood which in this case contains 17 nodes. X in this example is 
taken to be equal to N . (j are function values found using the curve shown in figure 2 at 
node points defined in N . 
Figure 3- Generated surface correspond to the surface obtained in figure 1 
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4.2 Test Problem No.2- Fitting of a non-symmetric surface 
In this problem the application of the diffuse approximation technique for obtaining a fit for 
the following non-symmetric surface is considered. Let 
1(;0.) = x~ + XI x2 +xi 0 ~ xI'x2 ~ 1. 
1 
Figure 4- 3-D surface used to demonstrate non-symmetric surface fitting 
Figure 4 shows the defined surface. 
The problem specifications and options used to solve this problem are as follows. In order to 
give a clearer comparison between the numerical and actual results, in figures 6a-6e we show 
the cross section of the above surface with the points found by the diffuse approximation 
scheme. The shown super-convergent results are found using the base functions constructed 
by the tensor product of quadratic polynomials in XI and x2 • If we use first order polynomials 
in XI and x2 the obtained fit becomes very inaccurate. Figures Sa-Sc give examples of the 
latter results. 
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Figure 5- Profiles of the generated surface using first order polynomials 
However, very accurate results can be obtained using second order polynomials (fig. 6a-6e). 
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5 CONCLUSIONS 
In this paper a novel numerical technique for surface fitting is described. This scheme can be 
easily extended to all types of data fitting. Numerical examples are presented which prove the 
flexibility of the technique in fitting of complex surfaces involving sharp edges and abrupt 
changes. The technique can be regarded as a powerful CAD tool. 
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Modelling of the transport of solid particles 
carried via blood stream through heart valves 
ABSTRACT 
Appendix A 
In this paper we describe a new method for the simulation of solid particles transport via 
convection and diffusion mechanisms in blood stream. This method is based on a combined 
procedure which uses the most powerful aspects of the stochastic random walk strategies for 
particle tracking with the deterministic finite element solution of the model equation. The 
developed scheme consists of two procedures which alternately calculate contributions of 
convection and diffusion mechanisms in order to find the overall concentration distribution of 
particles at every step. The process which deals with the convection is based on a Lagrangian 
approach which simulates the motion of the solution mesh points during a time step and then 
records the new position which each node has taken with respect to the old grid. The diffusion 
process is handled by a rigorous statistical analysis at each time step. This is based on the 
solution of the Fokker-Planck equation which is expressed in terms of the integral of 
concentration field at each mesh point at every time step. We apply a spatial transformation 
which makes the numerical evaluation of the concentration integrals a straightforward matter. 
The use of a Lagrangian approach means that our model can very effectively cope with 
convection dominated situations while keeping the computational costs low. We show that the 
inherent problems of both random walk method and the direct solution of convection 
diffusion equation can be resolved by the developed method. 
Introduction 
Although the concentration of solid particles in human blood is normally low due to their 
small size distribution their numbers are large. In addition they have a wide range of shapes 
and sizes. Therefore mathematical representation of the transport of solid particles within 
blood stream via a deterministic approach is not possible. To overcome this difficulty and to 
take into account the effects of the solid particle distribution and transport in the blood stream 
through heart valves innovative techniques should be employed. In this paper a novel method 
which uses a combination of stochastic and deterministic approaches to model solids transport 
through veins is described. To highlight the advantageous of the method developed in this 
work in what follows we give a brief summary of previous attempts to model blood flow 
through heart valves. 
Research at Georgia Tech is aiming to develop advanced Computational Fluid Dynamics 
(CFD) techniques and apply them in conjunction with experiments to study blood flow 
turbulence in heart valves. Georgia Tech is attempting to go on a virtual journey along with 
platelets and blood cells through the valve and identify design elements that induce turbulence 
patterns, which could be harmful to blood elements. This cannot be done experimentally. Yet, 
they must rely on experiments to make sure that their virtual blood flow environment closely 
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represents reality. The team is working to adapt advanced CFD modelling techniques 
developed for simulating turbulent flows past bridge foundations in natural rivers and through 
hydraulic turbines in hydropower installations to prosthetic heart valves. In spite of many 
common elements with hydraulic engineering applications, the heart valve problem is so 
complex that its solution necessitates new advancements and innovation in computational 
algorithms (Georgia Tech, 2007). 
A team at Imperial College are adapting technology originally developed to simulate air flow 
through a reciprocating internal combustion engine so that it can be applied to study the 
human heart (Mechanical Engineering Magazine, 2007). 
Mathematical Model 
In general, using the law of the conservation of mass a balance equation for solid particles 
transported via the blood stream through veins and heart valves can be derived. However, 
such a deterministic approach requires a knowledge of dispersion coefficients in blood flow 
domains. Therefore in the absence of reliable experimental measurements, only under certain 
specific conditions such as very low concentrations of solid particles, the coefficients can be 
estimated via theoretical considerations. In order to avoid these difficulties in the present 
work the simulation of solid particles transport and its influence on the behaviour of the fluid-
solid system is based on a stochastic random walk approach which relies on the solution of 
Fokker-Plank equation. 
Based on the Markovian theory a general description of the process of particles transport (or 
dispersion) in a flow field can be represented by the following Fokker-Planck equation 
(Todorovic, 1992) 
(1) 
. 
where p = p(X,t I y,t') is the conditional probability density of the event that a particle 
occupying a position yat time t' reaches another position X at time t, t > t'. The vector 
A and the tensor jj represent velocity field characterising deterministic advection (in this case 
velocity) and the diffusivity characterises random forces acting on a particle, respectively. 
Equation (1) provides a full representation for the distribution of solid particles in a blood 
stream. Solution of this equation provides information regarding the volume fraction of 
solids <I> in a given two-phase system consisting of blood and particles. This information can 
in turn be used to update blood viscosity via an equation of state written as 
(2) 
where A"A 2 are constants that can be found by experimental measurements (in this study 
we have used values reported in the literature). The described updating of viscosity can be 
incorporated in an iterative cycle with the solution of the fluid-solid model in order to include 
the effects of particles, presence in the blood stream on the overall result of the simulation. 
The main problem with the solution of equation (1) is, however, that it includes mixed 
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derivatives such as aa
2 
(.lBxyP) etc. Later in this paper the development of a novel 
xay 2 
procedure for the transformation of the coordinates in which the original Fokker-Plank 
equation (1) is derived onto a special framework in which these mixed derivatives disappear 
is fully explained. 
This equation provides a robust mathematical model for the transport and distribution of large 
numbers of small solid particles in flow fields. However, its solution can be problematic. The 
main difficulty is that normally the number of particles in the blood stream is large, to a 
degree that their distribution affects the physical and rheological properties of the flow 
domain. However, the particles have random shapes and are small in size. Therefore their 
influence can only be evaluated by tracing the changes in the flow properties rather than by a 
direct modelling of fluid-particle interactions. There are a number of other considerations that 
should be take into account whilst solving the Fokker-Plank equation. These can be listed as 
(i) The flow domain geometry changes continuously as the heart valve muscles move and 
deform. 
(ii) Asymmetric accumulation of particles in parts of the flow domain results in the variation 
of fluid phase viscosity, adding to the complexity of the flow regime behaviour. 
(iii) The mechanism of dispersion, which has a significant role in the distribution of particles 
in the blood stream, is completely random and hence the dispersion coefficient should be 
represented by an anisotropic tensor in the governing equation. 
The resolution of the first two problems is relatively straightforward and can be handled 
through the use of a Lagrangian approach to update the problem domain geometry and 
updating of the fluid viscosity at the end of each time step. The Lagrangian approach used in 
this paper has already been published elsewhere and will not be repeated here (Petera and 
Nassehi, 1996). However, dealing with the anisotropic nature of the dispersion in blood flow 
systems is not a trivial matter and requires a sophisticated approach. In the following section a 
novel method used to resolve this problem is explained. 
Spatial transformation of the Fokker-Plank equation 
The Fokker-Plank equation is re-written as assign physical meanings to the parameters 
appearing in it. 
ap +" ~(U )=" a2 (.!.D ) at ""'ax. iP L.-axax. 2 ijP 
" It}' J 
(3) 
where Ui and Dij are the flow domain velocity vector and diffusivity tensor components, 
respectively. Equation (3) represents the transportation of large numbers of particles both by 
mechanisms of convection and random distributions and mathematically is an exact 
equivalent of the convection-dispersion equation. However, in the overwhelming majority of 
deterministic models based on the convection-dispersion equation an assumption of isotropy 
is made which allows the decomposition of the diffusivity tensor in terms of its components 
along the coordinate axis. Therefore in most cases cross dispersion is ignored. This is not an 
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acceptable assumption when complete random nature of the distribution of a large numbers of 
particles in a geometrically variable and otherwise complex flow domain is considered. 
Although, mathematically, the inclusion of off diagonal terms in the diffusivity tensor does 
not present any specific problems this leads to the appearance of mixed derivatives in the 
governing equation of the particle transport model. This is obviously a serious problem. In 
the present study this problem is resolved using the following procedure 
1- A framework in which the diffusivity tensor is normalised is constructed. The metric 
in this framework is described and its associated coordinate system is developed. 
2- A numerical mapping procedure based on a general mesh independent approximation 
scheme is developed to transform the original domain and its corresponding particles 
transport model to this system. As the diffusivity tensor in this framework is 
inherently normalized the resulting model does not involve any mixed derivatives. 
3- The coordinate transformation does not depend on any specific meshing procedure, 
therefore, the transformation relationship between the original nodal point coordinates 
(describing the descretized physical problem domain) and transformed coordinates can 
be stored as a scalar set. 
4- Using a finite element scheme the transformed model is solved. Each point in the 
obtained solution is multiplied by its corresponding coefficient stored in the described 
transformation scalar set. The result is the quantitative particle distribution probability 
density (i.e. the field unknown in the Fokker-Plank equation). This data can be readily 
converted into particles volume fraction (or concentration) distribution within the flow 
domain. 
5- Quantitative information regarding particles distribution is used to update the fluid 
phase viscosity by the equation of state (equation 2). 
6- The entire solution loop is advanced to the next time level. 
Normalization of the diffusivity tensor via a coordinate transformation. 
Consider the following covariant transformation (here we consider a two-dimensional 
situation) 
Therefore 
(4) 
(S) 
According to the defined transformation of the components of a covariant tensor of a second 
rank can be calculated as 
- N N axq ax' A =" ,,~.~ A where p,r=I,2, ... ,N 
pT L...s=lL. a P a' q' q=1 X X 
(6) 
(Note that the covariant transformation adopted here is for simplicity and in principle a 
contravarient transformation can also be used). Therefore using tensor components we have 
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(7) 
The Jacobean of the transformation is given as 
(8) 
with its corresponding determinant calculated as 
(9) 
and for the inverse transformation (Xl> X,) --7 (xl> x,) the Jacobean is defined as 
oX, oX, 
J, = ox, ox, oX, oX, (10) 
ox, ox, 
To normalize the general diffusivity tensor we should have 
(11) 
where 
(12) 
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In a diffusion (dispersion) process with a constant diffusivity D the random step in a random 
walk method represented by the Fokker-Plank equation can be chosen from a Gaussian 
distribution with the variance of 2Do t. However, in cases where diffusivity is a function of 
space the exact distribution is not known. Based on the central limit theorem it can be stated 
that any distribution approaches a normal distribution after a number of steps. But this 
number is never known and it depends on the length of time step. Therefore a random walk 
analysis for the particle distribution problem characterised by a variable diffusivity can only 
be developed if this problem is resolved. Naturally the coordinate transformation scheme 
described in this section resolves this problem. An additional advantage of the coordinate 
transformation, proposed here, is that the transformed space can be constructed in a way that 
one of the curvilinear coordinate axis becomes aligned with the transformed velocity field. 
This simplifies the solution procedure and automatically improves the accuracy of the 
scheme. 
Let us define a transformation from the original two dimensional system of (x I'X 2) to a new 
coordinate system of (X I'X 2) with a corresponding transformation for the probability density 
function in the Fokker-Plank equation to a new function y so that 
Y =P.J where, [ ik ] J=det --' aX j 
(13) 
The required normalization (equation 11) is achieved if the components of the metric tensor 
of the new coordinate system (X" X 2 ) coincides with the components of the diffusion 
(dispersion) matrix in the old coordinate system. This means that the transformation should 
satisfy the following relationship 
(14) 
where, .;) = - = det --' . C"r 1 [ax.] 
J aX j 
Therefore according to equation (14) 
(15) 
where, det jj > 0 . Thus in the new coordinate system the Fokker-Plank in a blood stream can 
be expressed as the following simple form: 
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(16) 
where 
ilX I ilX I ilX2 ilX2 . UI =UI --+U2-- and U 2 =UI --+U2 -- are the components of the velocity field ilx l ilX2 ilx l ilX2 
found using the described covariant transformation. It can be easily shown that the 
transformed equation in a one dimensional case reduces to the following form 
ily +~[(UX' +~) ] _ il 2y 
ilt ilX (X,>, y - ilX2 (17) 
On the other hand the described transformation can be readily extended to three dimensional 
cases. The system of non-linear differential equation (14) describing the present 
transformation should be solved on the original domain (i.e. with respect to x I ,x 2 system) in 
order to obtain the mapping function F = (F;, F2 ) 
{
XI = FI (xp x2 ) 
X 2 = F2 (XI·X2 ) 
(18) 
where (Xp X2)E Q x and (X p X2)E Q x with Q x and Q x representing the old and new 
solution spaces, respectively (symbolically written as F: Q x ~ Q x ). However, in general, 
equations (14) cannot be solved analytically. Despite this the following analysis proves that 
such a solution exists. 
Proof of the existence of the defined transformation. 
At a fixed point G(xpx2)e Q x equation (14) can be regarded as a system of algebraic 
equations with the following unknowns 
and 
These unknowns are considered to be the components of two vectors ~ and T2 which are 
arranged to be tangents to the new curvilinear coordinate axes X I and X 2' respectively. An 
illustration of the adopted spatial transformation is given in figure 1. 
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Figure 1. Schematic representation of the domain transformed system 
Appendix A 
r; 
Highlighted lines L., and L2 in figure l(a) (representing the old coordinate system) are 
transformed onto the corresponding lines of rl and r2 in figure 1 (b) (representing the new 
coordinate system). Therefore the lines rl and r2 can be expressed parametric ally in terms of 
the variables Xl and x2 • Vectors ~ and T2 (shown in figure l(b) as tangents to r l and r2 ) 
are the basic components of the new framework as the components of the metric tensor of the 
new coordinate system can be expressed as the scalar products of these vectors. Further 
simplification of the system of equation (14) is achieved by the use of a local polar co-
ordinate system for the representation of the transformed domain. Thus equation (14) are 
written as 
(19) 
The equation set of (19) is solved to give 
(20) 
The system of equations (20) has three independent unknowns and the fourth can be 
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chosen arbitrarily. 
Let us assume that T2 is parallel to vector field (V1'V2), (since this field can be chosen 
arbitrarily we will select the velocity field for this purpose). We therefore have: 
(21) 
where IDI = ~vi +vi . Vector T2 reaches vector t. if it is rotated by an angle equal to 8 in 
the clockwise direction (figure 1) therefore 
t. =[ql]=!!L[ co.s8 sin8][li]= ~ [CO.S8 
q2 R2 -smB cosB r2 IVI -smB 
sinB][VI] 
cosB V 2 
(22) 
Equations (21) and (22) define a unique pair of vectors which are tangents to the lines of the 
new coordinate system. These equations provide parametric relationships between the new 
and the old coordinate systems. As they are derived in general terms they remain valid for 
any point C(x1'x2 ) located in Qx. Therefore, a unique solution for equations (14) does exist. 
A numerical procedure for the solution of equations (14) 
This solution is achieved indirectly by the following numerical mapping technique based on a 
global approximation scheme. This scheme is independent of domain discretizations (i.e. 
computational mesh construction) and relies on the moving least squares method. The 
essential step in this method is the use of a weighted least square function in order to fit a 
desired approximation to a set of data points. Therefore the geometrical data representing the 
points in a computational domain (often recorded in terms of the coordinates of nodal points 
in a mesh) is considered as a set for which the best fit should be found. This is achieved by 
the minimization of the squares of the difference (i.e. error) between the known coordinates of 
points in an original domain and the coordinates of their corresponding mapped points in the 
desired transformed domain. Mathematically the procedure is summarized as follows. After 
the selection of points of interest (i.e. nodes) on a problem domain Q (Q c 9\kl) the global 
approximation of a function u, u: Q ~ 9\ k, Q = Q U aQ over the nodal points in this domain 
is formulated by the minimisation of the following functional 
N 
'I'[ii (x)l = LW(X,X)[pT (x,).ii(x)-u,12 (23) 
j=l 
here x, are nodal coordinate arrays defined as 
X=[X1'X2 , ••• ,xk f,x,=[x:,x;, ... ,x!lT, respectively. Here, p (x,) represents the set of base 
functions, ii (x) is the M dimensional array of unknowns, u, = u(x,) is the value of the 
function u at node number i, N is the total number of nodes and W (x,x,) is a weight function. 
Often, the base functions are formulated by the tensor product of polynomials written in terms 
of spatial variables;!" i=1, ... ,k. For example a bi-quadratic base function in a two-
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dimensional space is found as [1,xpx;) ®[1,x2 ,xi). However, as shown later, other types of 
functions can also be used as the base functions in the diffuse approximation techniques. The 
process of the minimisation of '¥ with respect to ii(x) is shown as 
il'¥[a(x») = 0 1= 1.2, ...• M (24) 
ilQ[ (J) 
This leads to the formulation of the following system of linear equations 
A(x)ii(x) = B(X)U (25) 
where A(x) and B(x) are M xM and M xN matrices. respectively, and are expressed as 
A(x) = [a" (x») and B(x) = [P" (x») where 
N 
a,,(x) = LW(x.x,)p,(x,)p,(xi ) r.s = 1.2 •... ,M (26) 
;=1 
and 
p" (x) = W(x,x i )p, (x,) r = 1,2 •...• M ;i = 1.2, ...• N (27) 
- T and U = [ul'u 2 , ••• ,uN ) • 
The global approximation of u may now be expressed as 
u
h (x) = p(x).ii(x) (28) 
The uniqueness and convergence of the described approximation has been studied previously 
and will not be repeated here. In summary. it has been shown that the uniqueness of the result 
depends on the unisolvent property of the base functions. Moreover, a node-wise convergence 
theorem, based on the generalised positive definiteness condition of matrix A(x), has been 
derived. Formal error analysis of the described diffuse approximation technique is also 
available in the literature. In practice, in order to implement the described procedure, the 
following set of input data should be given 
>- Total number of nodes (N) and nodal coordinates (X,) on Q, 
>- Base functions and their dimension (M), 
>- Weight function (W), 
>- Nodal values for which a fit is sought ( fj ). 
The existence and the smoothness of the approximation primarily depend on the selected 
weight functions. Thus, during the construction of the approximation for any given function, 
appropriate weight functions with suitable properties should be used. It should be noted that at 
different parts of the problem domain a different weight function can. in principle, be utilized 
the weighting is said to be 'moving'. The only condition is that the weight function should be 
positive-valued, i.e. W: 9t k x9t k --t 9t+. However, for the purposes of the present work it is 
sufficient to use a weight function equal to unity because there is no need to alter it for 
different sections of the problem domain. The described method of data fitting is a generic 
technique. Here the required transformation (i.e. computation of parameters q and r in 
equation (22» is achieved by the minimization of the following functional in the above 
described manner 
(29) 
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where 
X I = ( ... ; XII-I; XII; X 11+1 ; ••• ) 
X 2 = ( ... ; X 2/-1; X 21; X 21+1) 
and 1= 1,2, ... ,M are the nodal points number in the discretized domain. In equation (29) 
Oql etc. are the polynomial interpolants of the components of tangent vector given as 
M 
Oq; = l,N/.x,Xu 
}::l 
M 
Or; = l,N,.x/Xu 
J::l 
i=I,2 
where N is used to define interpolation function. The minimization requires that 
and of = 0, 
oX 2/ I=I,2, ... ,M 
(30) 
After the differentiation of equation (29) to carry out the above minimization we construct a 
system of M x M linear algebraic equations: 
l,(NI.INJ.I + N'.2N/.2)XIJ = N'.lql + N'.2'i 
/ 
l,(N,.INJ.I + N,.2 N /.2)X2.J = N'.lq2 + NJ.2r2 
/ 
I=I,2, ... ,M 
which can be solved using a symmetric frontal solver (Nassehi, 2002) . 
Numerical tests carried to prove the applicability of the proposed transformation 
(31) 
In order to demonstrate the performance of the above described transformation technique we 
initially conducted a number of numerical experiments. First considering the transformation 
of a discretized domain as shown in figure 2. 
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Figure 2. A sample domain over which the Fokker-Planck equation with anisotropic diffusion 
tensor should be solved 
A mapping which normalizes a diffusivity tensor given as 
D= J2[1 -I] 
2 1 1 
Results in the transformation of the domain into a different shape as shown in figure 3. 
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Figure 3. Transfonned domain arising a relatively simple diffusion tensor 
As expected the transfonned domain is still a regular mesh which is rotated by 45 degrees 
.J2 
and its size has changed (because of the factor ). Similarly a transfonnation which 
2 
= [y xy] nonnalizes D = 1 x 2 appears as figure 4. 
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Figure 4. Transformed domain arising a very complex diffusion tensor 
As expected the imposed transformation distorts the original mesh to a very large extent 
resulting in the appearance of a point of singularity. However a normal solution of the 
Fokker-Plank equation even after such a complex distortion is possible because the described 
transformation is the conversion of the probability function into a simple form which is 
compatible with a normal (Gaussian) distribution. 
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Development of the working equation of particles transport model 
After the implementation of the described transformation the modelling of particles transport 
is reduced to a two-dimensional analysis of an isotropic dispersion characterised by a 
diagonal diffusitivity tensor written as 
= [DI B= 
o 
(33) 
therefore the Fokker-Plank equation can be simplified to 
(34) 
where 
(35) 
If dispersion in one of the spatial directions can be neglected (e.g. if DJ=O) then equation (34) 
is further simplified to represent one dimensional dispersion as 
p(z,t+tJ.tIY,t)= ~[~ 1 exp( 1]2 J]o(;) 
"" 21l 2tJ.tD2 2tJ.tD2 
(36) 
where 1) @ (Dirac delta) is the limiting value of the indeterminate term resulting from the 
insertion of zero for DJ in equation (34). For an arbitrary process, which may not necessarily 
be Markovian, the probability density of an event can be expressed as the sum (integral) of 
the all of the probabilities which may lead to that event. Thus for particles starting from 
various positions at time t to reach a fixed position at time t + tJ.t we have 
\if(z,t + ~t) = f p(z,t + M I y,t)p(y,t)dy (37) 
Probabilities such as p(z,t + ~t) and p(y,t) are proportional to particle volume fractions (or 
concentrations) such as <P(z,t + ~t) and <P{y,t) . Therefore by the combination of equation 
(37) with equations (35) or (36), depending on the number of spatial dimensions considered in 
a problem, a suitable equation for the calculation of time dependent particles volume fraction 
at various points in a flow domain can be obtained. As discussed earlier this information is 
used to update fluid viscosity and advance the entire simulation loop. 
Computational Results and Discussion 
We consider the following domain as representative of a section within human heart including 
a part of a valve (Figure 5). 
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Figure 5. Representati ve flow domain within a heart (discretized) 
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The simulation of so lid particles transp01t in the flow domain shown in tigure 5 fo llows a 
preliminary model which generates the velocity field ( V ; ill equation 3) and the expected 
defomlation of the domain itself. The obtained ve locity used to run the particle transport 
model. Starting fro m an inlet concentration representing 0.5% volume fraction a maximum 
value of 1.1 % at the stagnation region is predicted. The location of the predicted peak exactly 
con'esponds to the theoretical expectations (Figure 6). 
Figure 6. Simulated Palticle Distribution 
Blood flow velocity changes due to various fac tors and therefore the distribution of partic les 
is expected to be affected by such a variation. However, as sho wn in figure 7, which 
represents a new case based on the doubling of the inlet velocity in comparison to the 
previous case, the location of tbe peak concentration remains again as theoreticaUy expected. 
Figure 7. Simulated Particle Distribution (higher inlet velocity) 
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Conclusions 
;0. Modelling of solid particles distribution within the blood stream by a continuum based 
scheme such as the fmite element method fails to generate meaningful results. 
Therefore this simulation should be based on a point by point approach such as the 
utilization of the Fokker-Plank equation. 
;0. Increasing blood flow velocity which may be achieved by physical activity results in 
noticeable drop in the build up of solid particles in the vicinity of heart valves. Modem 
cardiological research suggests that even in cases where there is no narrowing of 
arteries or hardening of artery walls apparently minor localized build up of solids in 
these areas within the heart can be very harmful Therefore the present project 
provides a simple methodology for the prediction and prevention of heart disease. 
References 
Georgia Tech, 2007: 
http://www.gatech.edulnews-roomlrelease.php?id=144 
Mechanical Engineering Magazine, 2007: 
http://www.memagazine.orglbackissues/membersonly/aug04/features/surgany/surgany.html 
Nassehi, V., (2002), ''Practical aspects of fInite element modelling of polymer processing", 
John Wiely and Sons Ltd. 
Petera, J. and Nassehi, V., (1996), "A New Two-Dimensional Finite Element Model for the 
Shallow Water Equations Using a Lagrangian Framework Constructed Along Fluid Particle 
Trajectories", International Journal for Numerical Methods in Engineering, 39, 1996, pp 
4159-4182 
Todorovic, P., (1992). "An Introduction to Stochastic Processes and Their applications", 
Springer-VerJag, New York. 
A27 
Paper 3 (Submitted) 
Journal of Heart Valve Disease 
Modelling of blood flow through heart valves 
LeiJa Shojai and Vahid Nassehi 
Advanced Separation Technologies Group 
Chemical Engineering Department 
Loughborough University 
Loughborough LEll 3TU, UK 
ABSTRACT 
Appendix A 
In order to gain a clear insight about the potential of computer modelling, its power and 
limitations and the scope of its utility as a research methodology for the predictive simulation 
of blood flow through heart valves a large number of simulations have been carried out. This 
investigation has also been used to evaluate the suitability of computer modelling as a design 
tool for artificial heart valves. To be abfe to carry out a critical analysis of the results and to 
draw logical conclusions from them a systematic programme has been adopted which allows 
meaningful comparison between various outcomes. Therefore variables regarding boundary 
conditions (such as inlet velocity), blood viscosity, overall geometry of the problem domain 
and elasticity modulus of heart muscle tissue have been changed and for each case outcome of 
the simulation has been analysed. Considering the number of variables that affect the 
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operation of heart valves it is self evident that the described research has led to the generation 
of a large amount of output. Although all of these results have been carefully analysed, in this 
paper only the samples which provided important evidence for the behaviour of the 
blood/heart valve system are reported. 
Keywords. heart valve, blood viscosity, Young's modulus, Vou Mises stress, COMSOL 
package. 
Introduction 
Conjunctive simulation of blood flow hydrodynamics and heart valve deformation have been 
conducted in a decoupled manner. The main advantage of this approach is that it allows the 
utilization of a widely available commercial package, namely COMSOL to carry out the 
simulation of blood flow and heart valve deformation. In a separate analysis the transport of 
solid particles via blood stream is modelled. The latter analysis is reported in a separate paper 
and will not be repeated here (Nassehi and Shojai, 2007). However, as explained later in this 
paper variations of blood viscosity as a function of distributed solids' concentration has been 
included in the present analysis via an empirical equation of state. 
COMSOL provides a very efficient modelling tool for the blood flow and heart valve 
deformation part of this analysis. Therefore any time spent on development of an independent 
code for this purpose could not be entirely justified. In contrast as shown later in this paper 
COMSOL can only give poor quality and inaccurate results for particle distribution. 
Therefore code development in this work has been mainly focused on this part of the analysis. 
Discussion on mathematical model and the governing equation used for these simulation is 
accessible in COMSOL ( COMSOL version 3.3, 2006), therefore is not included in this paper. 
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In the following section, however, the main aspects of the mathematical model used in the 
present simulations is described. 
Methodology 
Fluid Flow Model- Blood flow is represented by the following equations describing the flow 
of an incompressible fluid through a confined domain (Nassehi, 2002). 
V.v = 0 (Continuity equation-Expression of mass conservation) (1) 
pJ + p(v.V)V - V a F = lF (flow equation-expression of momentum conservation) (2) 
where v is the velocity vector, p is fluid density and IF is the body force (e.g. gravity) 
acting on the fluid and 
(3) 
Equation 3 describes the stress tensor in terms of hydrostatic pressure p, unit second order 
tensor I, fluid viscosity !iF and rate of strain (i.e. rate of deformation) tensor defined as 
(4) 
As the concentration of solid material within blood stream is normally very low the fluid 
density is considered to be constant. However, variations of blood viscosity as a function of 
solids volume fraction, <l>, is included in the model via the following equation of state 
(5) 
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where AI,Az are constants that can be found by experimental measurements. In this study we 
have used values reported in the literature (Richardson, 2002). 
Solid Deformation Model - Conjunctive deformation of a heart valve tissue as blood flows 
through its opening is represented by the following equations (Ghattas, 0., Li, X., 1995). 
V[(l + Vit)O',l = 1, (expression of equilibrium or force balance) (6) 
where it is the displacement, iJ, is the stress tensor and f, is the body force acting on the 
solid phase. The stress tensor is defined by the following constitutive relationship 
0', = Atr(i)'i + 2p,E (7) 
where A and p, are the Lame' moduli of solid phase and E is the Green strain tensor 
defined as 
(8) 
At the interface, conjunctive flow and deformation of fluid and solid phases requires that 
tractions and velocity be continuous, therefore 
- -iJ,n, +iJFn, =0 
• F 
(along the interface r,) (9) 
where n, and n, are the unit vectors outward to the solid and fluid phase respectively 
• F 
and 
(along the interface r,) (10) 
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Here, u is the solid velocity (temporal derivative of the displacement), which is zero in a 
steady state analysis (note that fluid velocity at the dead end solid impervious barrier is also 
zero which describe a no-slip condition on fluid velocity at the interface). The described 
system of equations (1) to (10) are solved subject to the essential boundary conditions of 
known velocity and displacements at the start of the fluid and solid domains and known 
natural conditions for stress fields (i.e. known rate of strain and strain) at the end of the fluid 
and solid domains. 
Order of simulations 
The main criterion in adopting an order for conducting simulations is to make successive 
results logically comparable. Therefore all of the field variables in the system have been 
changed according to an imposed order of priority one by one. This order is as follows. 
Although there are significant variations in blood flow velocity within human heart according 
to commonly available medical literature, ordinarily (when no exertion is involved) blood 
flows at a speed of around 0.05 rnIs through heart valves in healthy adults. However, this 
speed increases during physical activity. The inlet blood flow velocity into the problem 
domain has been chosen as the field variable with respect to which the influence of variations 
in other variables have been monitored. Blood viscosity is a function of solid particles that it 
carries therefore this parameter is altered according to the results obtained in the second part 
of the overall analysis. In all of the simulations the deformation of problem domain section 
representing heart valve tissue has been traced continuously (i.e. modelled as an unknown and 
not as a variable parameter). In contrast, regular opening and closing of the valves have been 
monitored via the alteration of the overall domain geometry. 
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Results and Discussions 
According to the described order of simulations inserting a developed inlet velocity profile 
with maximum velocity o f 0.05 m/s , no slip walls and stress fi'ee exit conditions for different 
sets of phys ical parameters the fo llowing results are obtained. 
Case study. Blood viscosity =0.001 2 Pa.s, Fluid density = 1058 kg/m ' , Young's modulus = 
2e5 Pa, 
Before considering any output we need to make sure that the flow field cOITesponding to any 
given set of data does not become turbulent. Therefore, the first fi eld variable to scrutinize is 
the Cell Reyno lds Number. The reason to rely on individual Cell Reyno lds Number 
throughout a computational mesh rather than an overall value for this dimensionJess number 
is that we predict signjticant variations in flow field characteristics in a complex system such 
as one being modelled. Checking of the Cell Reyno lds Number to r each set of data ensures 
that all parts of the flow domain have remained laminar. In figure 1. values of Cell Reynolds 
Number are shown. 
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Figure 1. Cell Reyuo lds Number Distribution 
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The max imum value is at the ex it secti on. Thi s because that although fluid velocity on the 
region above the obstruction representi ng part of the heart va lve is higher in th is section a 
very fine mesh is used and hence characteristic fl ow domain length is very small. In 
contrast the used mesh at the ex it section is coarse with large cell s. Therefore COMSOL 
uses the Ce ll Reynolds Number as an indicator fo r the eva luati on of adequacy of mesh 
refinement used in a flow computati on. As the most important part of the domain in the 
present problem is around the obstruction and the Cell Reynolds Number fo r thi s region is 
quiet low it can be concluded that the simulated results are accurate. On the other hand 
significant difference between the minimum and maxi mum Cell Reynolds Numbers 
(ranging from nearly 0 to 2.4 for indi vidual cell s) proves that although the flow regime is 
laminar it can never be considered to remain creeping and inc lusion of inet1ia terms in the 
governing equation of motion fo r the fluid phase is necessary despi te the adverse effect of 
such inclusion which makes the equation of motion highl y non-linear. 
Figures (2) and (3) show the simulated velocity and pressure fie lds with respect to the data 
set number 1, respectively. These results con espond to 1 second after the start of the fl ow 
and demonstrate the deformation of the heart valve section from its original shape. The 
selected time peri od of 1 second con esponds to the normal duration of a heart beat. In 
order to investi gate the effect of thi s selection si mulation was also obtained for a 
signi ficantl y longer pe ri od of 4 seconds. This experiment showed that steady state sets in 
after 1 second and subsequent changes are negli gible. Therefore after I second maxi mum 
degree of deformation of the heart val ve section is predicted. As di scussed later in thi s 
section thi s prediction provides a quantitati ve evaluation for the design of an artificial 
heart valve. The conclusion that results do not change even if a longer period of 4 seconds 
is used shows that the present analysis con esponds to a worst case scenario as fa r as the 
defonnation of the heat1 va lve tissue is concerned. Although adopting thi s scenatio results 
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U1 over design of the required strength of ru1it,ciai heart valves it is necessary from a 
safety point of view. As expected maximum veloc ity is predicted to be in the narrowest 
region 0'· the domain. 
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The predicted pressure field again cO ITesponds to theoretically expected pattelll. The main 
indicator fo r the accuracy of the pressure field is that, as is shown in figure (3) , the 
gradual pressure drop should remain restricted to region after the obstruction. 
In figure (4) predicted displacement (deformation) of the obstruction representing heart 
valve section together with the streamlines are shown. Displacement of the solid phase is 
calcu lated after the simulation of the flow field and setting o f the stress exerted by the 
fluid motion on the outside boundary of tllis section as tl1e boundary condition. Predicted 
streamluJes show a region of stagnation immediately after the obstruction. This is 
probably the most impOItant findu1g of thi s set of results. Stagnation of blood flow inside 
the heart is tl1e mau1 cause in many types of heart valve disease. As shown later it also 
gives results in delay in c learance of so lid pmticles cmTied by blood tl1rough tl1e valve 
and ultunately deposition of solids on surface tissues . 
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S tremnlines 
In line with tile predictioD of lie defo rmation o f lie solid section stress build up within it 
is also predicted. Figure (5) shows tl1e predicted distribution of shear stress in 
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con'esponding to data set number 1. It is, however, impo.tant to note that study of 
individual components of the bui ld up stress within the obstruction represent herut valve is 
not very usefu l. 
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Figure 5. Simulated Shear Stress 
Ln order to draw practical conclusions from these results the Von Mises stress de tined as: 
( 10) 
where ax etc. represent normal (botb compressional and tensile) components of the total 
stress tensor and "xy is the shear stress component, should be calculated. For rulY given 
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material there is a threshold detined ill terms of the Von Mises stress beyond which the 
materia l fails to maintain its structural integrity (Nassehi, et al, 1993). Such fai lure starts 
as hail'line cracks sometimes developillg to a complete di sintegration o f the material. The 
analysis of predicted Von Mises stress, therefore provides the most fundamenta l 
calculation in the design of artificial heart valves. The predicted Von Mises stress 
cOITesponding to the above set of data is shown in figure (6). 
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Figure 6. Simu lated Von Mises Stress 
As expected the region which bears the maximum amount of Von Mises stress is at the base 
of the so lid sect ion. 
Another important conclusion from the behaviour o f COMSOL package can be drawn is that, 
based on the so lution shown in figure (8), there is an in-built mechanism inside COMSOL to 
smooth out so lution to avoid unstable resu lts due to high Peel et or Reynolds numbers. 
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However, it seems that the said mechanism damps out the realistic results as well as parasitic 
oscillations. In this case it has resulted a very smooth (and wrong) output. 
The initial 100% increase in blood viscosity results in a 67% rise in maximum Von Mises 
stress. The subsequent 50% rise, however, generates a rise of about 35% in the maximum 
Von Mises stress which is proportionally more than the rise in viscosity. This provides an 
indication that adverse effect of increasing blood viscosity can be more severe than expected. 
In Table (1) the increasing trends in the inserted blood viscosity and the predicted maximum 
Von Mises stress are shown and compared. 
Viscosity Percentage rate of Predicted maximum Percentage rate of 
(Pa.s) increase Von Mises Stress (Pa) increase 
0.0006 1.2x 10 4 
0.0012 100% 2 xl0 4 67% 
0.0018 50% 2.7 x10 4 33% 
0.0024 33% 3.17 x 10 4 17% 
0.0030 25% 3.56 x10 4 12.31 % 
Table 1. Comparison of the rate of increase in blood viscosity and maximum Von Mises 
stress 
This is an important prediction which indicates that a rise in blood viscosity directly affects 
the stress exerted on the heart valve tissue. Further numerical experiments show that the trend 
of incremental rise in the Von Mises stress, given in table (1), changes significantly if the 
increase in blood viscosity results in altering the predicted flow and deformation patterns. 
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The next important step in the present study has been the investigation of the influence of 
solid section's elasticity on the behaviour of blood flow! heart valve system. As before 
another important issue to consider is the effect of altering the Young's modulus of the heart 
valve tissue on the predicted maximum Von Mises stress exerted onto the solid phase. To 
conduct such an analysis a number of simulations based on various values of Young's 
modulus has been obtained. 
Young's Modulus Percentage rate of Predicted Maximum Percentage of 
(Pa) increase Von Mises Stress (Pa) increase 
lxlOs 2xl04 
2xlO s 100% 2.15x10 4 7.5% 
2.5xlO s 25% 2.34xl04 8.85% 
3x1Os 20% 2.5 x 10 4 6.83% 
Table 2. Comparison of the rate of increase in Young's Modulus and maximum Von 
Mi ses stress 
As shown in table (2) maximum predicted Von Mises stress increases as the Young's 
modulus increases (material behaves more like a rigid solid than a soft solid) . However this 
increase is not as large as the increase observed by increasing blood viscosity. This is also as 
expected because it is known that normal process of aging results in the hardening of blood 
carrying tissues and hence resistance gained by natural evolutionary processes should have 
provided human body with mechanisms to cope with adverse effects of tissue hardening in the 
absence of additional detrimental factors. 
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The next remaining factor whose influence is simulated is the inlet velocity. As mentioned 
earlier originally imposed inlet velocity profile corresponded to the heart activity during rest. 
The influence of this factor should be analysed from two different points of view. On one 
hand it is expected that an increase in blood velocity (e.g. because of exercise) should be 
beneficial as it will inevitably reduce the size and intensity of the stagnation zone and the 
related rise in solid particles concentration in the vicinity of heart valve tissue. However, 
obviously more stress will be exerted on the heart muscles and Von Mises stress will rise. 
Therefore in making a judgment about the appropriate level of inlet velocity increase (which 
may for example be related to the type of exercise carried by an individual) the level of stress 
that will be caused by such an increase should be quantified. Following results confirm this 
point and provide means of quantitative analysis of the effect of velocity increase. 
The output indicates despite a 6 fold increase in the maximum inlet velocity the flow regime 
remains well within the laminar region. 
In table (3) the influence of successive increase in the inlet velocity on the maximum 
predicted Von Mises stress is shown. This comparison provides a basis regarding the 
evaluation of the suitability of any exercise regime for adults. 
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Velocity Percentage rate Predicted Maximum Successive percentage 
(m/s) of increase Von Mises Stress (Pa) rate of increase 
5x10-2 2.15x 10' 
1Ox1O-2 100% 3.14x 10' 46% 
20x1O-2 100% 4.49x 10' 43% 
30x1O-2 50% 5.62x 10' 25% 
Table 3. Comparison of maximum predicted Von Mises stress obtained with respect to 
the maximum inlet velocity 
The next remaining factor whose influence is simulated is the thickness of the valve. In 
general the results are as expected because it is known that thickening of the valve tissue 
impairs its operation. 
As before another important issue to consider is the effect of altering the thickness of the heart 
valve tissue on the predicted maximum Von Mises stress exerted onto the solid phase. To 
conduct such an analysis a number of simulations based on various values of valve's 
thickness have been obtained. These results are shown and compared in table (4) 
Valve's thickness Percentage rate Predicted Maximum Successi ve percentage 
of increase Von Mises Stress (Pa) (Pa) rate of decrease 
0.02 x1O-4 8.484 x1O-4 
0.05 x1O-4 150% 2.151 x1O-4 74% 
0.08 x1O-4 60% 1.323 x 10-4 38% 
0.1 x1O-4 25% 0.9962 x1O-4 24% 
Table 4. Comparison of the rate of increase in valve tissue thickness and maximum Von 
Mises stress 
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Conclusions 
The stated aim of the current project, namely, development of a methodology for conjunctive 
modelling of blood flow heart valve deformation in combination with the simulation of solid 
particle transport within the blood stream has been fulfilled. This work has, therefore, 
provided important new insight about the effects of various factors such as viscosity of blood, 
elasticity of heart valve tissues, concentration of solids carned within the blood stream and 
blood flow velocity on the operation and conditions of heart valves. It has been concluded 
that physical parameters such as blood viscosity and Young modulus of heart valve tissues 
have significant effects on the behaviour of blood flow-heart valve systems. On the other 
hand minor variations in blood density is less significant. 
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ABSTRACT 
A steady scalar convection-diffusion problem has been studied for one and two dimensional 
cases. The major problem of unrealistic oscillations of the convection dominated problems is 
relaxed thanks to the wide range of the elements FEMLAB 3.1 benefits. The FEMLAB 3.1 
solution has been presented for the problems, unique features and illustrations of the software 
have been used and results have been tested against analytic solution. 
Keywords: 
Convection-Diffusion, Convection dominated, FEMLAB 3.1 
1. Introduction 
Processes involving a combination of convection and diffusion are ubiquitously found in 
physical and engineering problems. These problems occur in many applications such as in the 
transport of air and ground water pollutants, oil reservoir flow, in the modelling of 
semiconductors, and so forth. Convection is a physical process by which some property is 
transported by the ordered motion of the flow, while diffusion is the physical process by 
which the property is transported by the random motion of the molecules of the fluid. The 
behaviour of fluid undergoing mass, vorticity. or forced heat transfer is described by a set of 
partial differential equations which are mathematical formulations of one or more of the 
conservation laws of physics. These laws include those of conservation of mass, momentum, 
and energy. The numerical solution of a convection diffusion equations whose first derivative 
have large coefficients (convection dominated) presents difficulties such as parasitic 
oscillation and instability. Several finite element treatments of the problem have ever been 
tried and developed, including upwinding techniques, Petrov-Galerkin approach and artificial 
diffusi vity method, and the more recent stabilized methods. FEMLAB takes the advantage of 
employing these methods in a very straightforward and user-friendly way. The obtained 
results are therefore, as reliable and accurate as the results based on the most recent 
techniques, bearing in mind that all code developments and programming works are already 
done. 
2. Statement of the Problem 
The general steady linear problem on a bounded domain is of the form 
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-e'i1.(aVu)+V.(bu)+cu=S in £2 (1-2) 
with boundary conditions 
dU 
u=uB ond£2D ,-=Oon dQN , (2-2) dn 
where d£2D ,d£2N fonn a partition of the boundary of £2 in which d£2D is non-empty. We 
usually assume that the advective velocity field b is incompressible, Vb = 0, so that the 
convective tenn can also be written b.Vu, and also a( x) ~ l,c( x) ~ 0 while e is a small 
positive constant [2]. 
First we consider the differential equation: 
d'u - du . 
dx! -b(x) dx =S(x) In £2=[O,1J (3-2) 
subject to the boundary conditions u( 0) = 1, u(l) = O. We assume that the convective tenn 
b( x)is 
a constant and there is no source i.e. S( x) = O. In this case the analytic solution of equation 
(3-2) is given as: 
ebx _eb 
u(x) b (4-2) 
l-e 
Numerical schemes successfully cope with such a simplified linearized equation. Setting 
b=50, and using predefined cubic Lagrange element, FEMLAB 3.1 returns: 
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b=SO 
Figure 1. Comparison of analytic and FEMLAB results 
Number of elements: 30, number of degrees of freedom: 91, solution time: 0.032 Seconds, for 
which the stationary analysis, Coefficient forms, PDE module, has been used. The solution is 
fast, accurate and highly reliable compared to the analytic solution, using cubic Lagrange 
elements. 
3. Two dimensional test problem 
Two dimensional convection-diffusion problem is represented by: 
d'U + d'u _h dU -b dU = S. 
dX' ay2 Vj dX 2 ay 
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Unlike the one dimensional case, it is not very easy to invent a range of two dimensional 
problems with ready analytical solutions. As a test problem we study the convection-diffusion 
model of (3-1) with constant b and no source tenn, over the unit square. We set 
bl =bz, S = 0, Q = [0,1] x [0,1] subject to the following Dirichlet boundary conditions: 
!
U( x,I) =O=u(1,y) 
u( x,O)= 1 = u(O,y) 
u(O,1)= 0.5 = u( 1,0) 
We shall simply write: 
{
'Vzu - b'Vu = ° 
B.C. 
(3-2) 
(3-3) 
(which this can be interpreted as the energy conservation equation with no heat source tenn), 
by the method of separation of variables the analytical solution of (3-2) is given by: 
where A" = 2bz + 4nzJrz > 0. The common higher degree interpolation functions give 
acceptable solution for value of - 40 ~ b ~ 40, but show oscillatory behaviour for larger b, 
Le. the convection dominated cases [3 & 5]. One of the treatments to the mentioned problem 
is to employ the so-called bubble function method, under a more general title of "stabilization 
techniques", in which the interpolation element includes some special element types in 
addition to the standard Lagrange elements. These elements are potentially useful for 
applications in fluid dynamics [1]. FEMLAB, employs these elements for application modes 
such as incompressible Navier-Stokes, Brinkman equations, Non Isothermal flow which is a 
novelty that could be extended to other eventualities. Setting b = 50 and y=O.5, 0.7 the 
analytic solution looks as follows (Figure 2) : 
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Figure 2. Two dimensional test problem plotted at layers y=O.5, y=O.7 
Solving the equation (3-3) using predefmed quintic Lagrange element, FEMLAB returns 
within 4.438 seconds with 3976 elements and 50001 degrees of freedom Figure 3 shows the 
plotted solution at different boundary layers: 
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Figure 3. FEMLAB 3.1 result, b=50, Various layers 
Equation (3-3) with large convection coefficients is known [5] to yield oscillatory results if 
treated by classical Galerkin fmite element method. Different values of y should be 
interpreted on their own. FEMLAB results at this intennediate value of b is, however, quite 
satisfactory and accurate. 
4. Conclusions 
A steady, scalar convection-diffusion model has been studied, in which the convection 
coefficient was dominant, although not very large compared to unity. Simulated results were 
highly reliable compared to the analytic solutions, processing and solution time was quite 
short and the software showed to be very easy to work with The test problem was idealized in 
order to obtain analytic solutions, though, generalization to more complex geometries and 
problems is easily attainable. It was found that FEMLAB is a very successful modelling tool 
in terms of graphical features, coping with complex geometries, diversity of modules and 
models and specially being equipped with the stabilization techniques in many application 
modes. 
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Abstract. This paper deals with the mathematical modelling of coupled fluid flow and solid 
deformation problems. A novel mathematical technique for linking of the two sets of 
governing equations in a single model has been proposed. Results obtained by this technique 
using a range of power-law indexfor fluidflow simulation and elasticity modulus for the solid 
displacement are presented and discussed. Changing the rheological behaviour of the fluid 
has a significant effect on the deformation of the solid. These results are found to be self 
consistent and as expected from a theoretical point of view. 
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1. INTRODUCTION 
Simulation of solid-fluid interaction provides a challenging problem for computer 
modellers. Fluid flow and solid deformation modelling has been the subject of 
numerous research during the past few decades. Robust computer methods that 
provide reliable simulations for both these phases are now available. However, there 
is no general model for coupled systems in which solid deformation and fluid flow 
occur conjunctively. Depending on the physical nature of the phenomena different 
mathematical procedures and schemes have been constructed to solve these problems. 
Generally two different approaches have been proposed for the solution of fluid solid 
interaction problems [1, 2]. The first approach is to solve the fluid and solid equations 
separately. The linking of the two phases is achieved by an iterative procedure. The 
second approach solves the fluid and solid equations simultaneously. The main 
problem with the first approach is to maintain continuity across the interface between 
for the direct linking of fluid and solid regimes which resolves the stated problems. 
the two phases. The second approach suffers from a mathematical difficulty as the 
governing system of coupled equations may become ill-conditioned. In the present 
work a novel nodal replacement technique has been developed 
2. GOVERNING MODEL EQUATION USED IN THE WORK 
Using a planar two-dimensional coordinate system (x, y) the mathematical model 
describing fluid flow can be written in terms of the following governing equations. 
Fluid phase 
Continuity equation 
V·J::.=O 
(Conservation of mass for incompressible flows) 
Cauchy's equation of motion 
av p(-=)+pV ·VV = pg+VO' at -- - = 
(Conservation of momentum) 
(1) 
(2) 
where V is the velocity field, p is the fluid density and g is the body force per 
unit volume of fluid. For highly viscous fluids such as polymers, the convection term 
(i.e. V . VJ::.) in equation (2) is usually small and can be neglected. The Cauchy stress 
is given as 
(3) 
where p is hydrostatic pressure, t5 is unit second-order tensor (kronecker delta) 
and T is the extra stress tensor. 
= 
Substituting Cauchy stress from equation (3) in equation (2) lead to governing 
equations for the fluid region [3]. 
For generalized Newtonian fluids the extra stress tensor in the fluid phase is 
expressed, explicitly, in terms of rate of deformation as 
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(4) 
where 17 and D are viscosity and rate of deformation, respectively. 
Solid phase 
The basic equations of solid deformation in a planar two-dimensional coordinate 
system (x, y) dimensional coordinate system (x, y) are as follows [4] 
Equilibrium equations 
da xy da yy day, 
--+--+--+<P =0 
dX dY dZ y 
(5) 
where a ij and <Pi are the components of stress tensor and body force per unit 
volume, respectively. 
Hook's law provides the constitutive equation for small strain and displacement in 
solid materials. This is written as 
l
ax )=[a b 0 llex ) ay c d 0 ey 
a xy 0 0 e 2exy 
(6) 
where a, b, c , d and e are the components of elasticity matrix, and are expressed 
in terms of constants, E and v i.e. modulus of elasticity and Poisson ratio, 
respectively. 
Substituting the stress term in equation (5) via equation (6) gives 
d dU dV ddUdV 
--(a-+ b-)-e-(-+-) = f 
dX dX dY dydy dX x 
ddUdV d dU dV 
-e-(-+-)--(b-+d-)=f 
dXdY dX dY dX dy y 
(7) 
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au av au av 
t =(a-+b-)n +e(-+-)n 
x ax ayX ayax Y 
au av au av 
t =e(-+-)n +(b-+d-)n 
Y ayax X ax ayY 
where, for plane stress 
E 
a=d=--
I-v 2 
vE 
c=--
I-v 2 
E 
e=---
2(1+v) 
and for plane strain 
a=d= E(l-v) 
(l + v )( 1- 2v ) 
vE b=--'-=---(l + v )( 1- 2v ) 
E 
e =-:-:-:--
2(1+v) 
3. MODELLING SCHEME 
Appendix A 
(8) 
(9) 
(10) 
In this study a Galerkin finite element scheme that combines mathematical 
robustness with computing economy has been used to discretise the governing 
equations. To satisfy the stability condition required in the numerical solution of 
incompressible flow( known as the LBB criterion [5]), the pressure term in equation 
(2) is expressed as 
p=-Xv·v (11) 
where 
x = T/A (12) 
where A is a large number called the penalty parameter [6]. 
The field variable is approximated as 
u =u = "f-Nju j etc. (13) 
where u, Nj and Uj are field variable, shape function and nodal values of field 
variable, respectively. 
Discretised forms of fluid and solid equations are derived using the usual finite 
element procedure [3,4]. 
AS3 
Resultant equations of fluid flow and solid deformation are written as 
where 
where 
Fluid phase 
<\, = I[(l.+2rj)(~')(:j)+1'j(d;')(~)):I,dy 
<\, = IP,,(~'i~)+l](d;')(':j)~,dy 
A" = I[A(~,)(d:j)+l](d~')(~j)~A 
A" = I[(l.+2rj)(d;')(~j)+l](~'l:j)~,dy 
f du' du' ou' du' du' F, = N,{[A(-' +~)+ 21]-']n, +1](-;-'-+~)ny]dr. r, ox uy ox uy uX 
Solid phase 
K'.' = K',' = JI b oN, oN) +e oN, dN) )dxdy 
, J 0, dxdy dydX 
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(14) 
(15) 
(16) 
(17) 
(18) 
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F/ = J N,fxdxdy + fNitxds 
Q.. i .. 
(19) 
F/ = J N,fydxdy 
Q, 
Similarity in the resultant fluid and solid equations provides a mean for representing a 
unique set of equations for both regions. This approach has the flexibility to 
switch the model from fluid analysis to solid deformation. This results in a 
significant reduction in computational cost. However, this procedure depends on 
considering the following relationships which relate the penalty parameter in the 
fluid equation to the Young modulus and Poisson ratio[7J. 
For plane strain 
For Plane stress 
A. = 2vE 
(1- 2v) 
A. = 2Ev 
I-v 
3.1 linking of the working equations of flow and solid phase 
(20) 
(21) 
To couple the different governing equations of solid and fluid phases, the solid 
phase equations are imposed as the boundary condition for the fluid equations at the 
interface between the phases. This imposition circumvents the difficulty of matching 
the unequal line integrals which arise during the disctritasation of governing equations 
of two phases. In the stiffness matrix of fluid elements terms representing the fluid-
solid interface are replaced by terms resulting from the discretisation of solid 
displacement equations. This procedure is illustrated in figure 1. 
• • 
Solid Fluid 
Figure 1 schematic representation of linking phases in this work 
4. COMPUTER SIMULATIONS 
Based on the developed scheme a computer code has been written that yields 
stable and convergent solutions for the governing equations. A rectangular domain 
has been chosen and discretised into 400 nine nodded CO bi-quadratic finite elements. 
The following flowchart describes the steps in the modelling of the present problem 
(Figure 2) 
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Figure 2 U,e modelling strategy (ne is the element number, m is the number of the rlrst element in solid 
phase). 
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4.1 Physical data 
Shear viscosity in fluid equations is defined by the power-law model as 
(22) 
where 170 is the consistency coefficient, t is the shear rate and n is power-law 
index. Numerical values of the parameter used in the present work are shown in Table 
1. 
P 9800 kgm-> 
170 88700 kg m-I S-l 
E 2,20,200 Mpa 
v 0.19,0.29,0.4,0.499 
Table 1- Numerical values of physical parameters 
4.2 Boundary conditions 
The inlet velocity is 0.0001 m1s (in +y direction), no-slip boundary condition has 
been defined for the solid walls in the fluid region. Zero displacement on the side 
walls in the solid region has been considered. 
5. RESULTS AND DISCUSSION 
Variation in physical and mechanical parameters in fluid and solid equations lead 
to different results in deformation of solid media. The effects of increasing the 
elasticity modulus on deformation of interface between solid and fluid is shown in 
Figure 3. Figure 4 shows the deformation of solid material at the interface as 
rheological behaviour of fluid changes due to changes in power-law index. As the 
power-law index of the fluid flow decreases, its velocity increases. This results in a 
higher deformation in the solid phase. Therefore, the highest solid deformation occurs 
when the power-law index of the interacting fluid is less than unity. The velocity 
profile and displacement are shown in Figure 5. Figure 6 shows the displacement of 
interface with the variation of poison ratio. As is shown in these figures, the 
rheological behaviour of the fluid has a significant effect on the deformation of the 
solid interface. Similarly as the Poisson ratio approaches 0.5, the solid interface 
becomes less deformed. This is because that for Poisson ratio of 0.5, the solid should 
behaves as an incompressible medium. As expected using higher modulus of 
elasticity, a reduction in the deformation of the interface between the solid and fluid 
phases has been observed. 
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Figure 3 Solid displacements at the interface with fluid for solid materials with different elasticity 
modulus. 
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Figure 4 Solid displacements at solid fluid interface for fluids with different power-law index (E=200 
MPa). 
Figure 5 Veloci ty and displacement profiles. 
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Figure 6 Solid displacemenl al ilS inlerface with fluid for solid malerials with differenl poison ralio 
(E=2 MPa). 
6_ CONCLUSION 
The proposed scheme satisfies dle condition fo r the coupling of the so lid 
deformation and fluid flow equations. Therefore using the developed scheme, Stokes 
and linear elastic equations are so lved conjunctively. Study of the behaviour of so lid 
and fluid reveals dlat changing rheo logical behaviour of the fluid has a significant 
effect on the defonnation of dle so lid section of dle domain. 
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Abstract: Us ing COMSOL MULTYPHYSICS the blood fl ow and pressure drop 
across heart valves have been studied and a mathematical model of the process has 
been constructed and analyzed. The constructed mathemati cal model consists of the 
equations of continuity (representing conservation of mass), motion (representing 
conservation of momentum) fo r the flow of blood th rough human heart. These 
equations are supplemented by appropriate models which represent the stress/strai n 
behaviour of heart va lve muscles. Simulation of flu id-structure in teraction is a 
challenging problem for computer modellers. Fluid flow and so lid deformation 
modelling has been the subject of numerous research during the past few decades. 
Comsol multyphysics provides reli able simulations fo r both these phases. The study 
of these problems requires quanti tati ve info rmation regarding the interaction between 
blood flow and heart valve deformation under reali stic physio logical conditions. The 
complexity of such a task is such that onl y computer based numeri cal simulations can 
be used. In this work we have employed COMSOL MULTYFHYSICS to solve the 
developed mathematical model representing the operations of heart valves . 
Keywords: COMSOL Multiphysics, Heart valve, Computer modelling 
Introduction 
The human heart has four valves: aortic valve, mitral valve, pulmonary valve and 
tri cuspid valve. The mitral and tricuspid valves act during the di astole of the heart, 
while aortic and pulmonary valves react during the systole of the heart. The di sruption 
of the normal workings of the heart valves are mainl y due to regurgitation or stenosis, 
which could cause drastic problems in the circulatory system and supply of blood to 
the organs in human body. Regurgi tations happens when a valve doesn' t close 
properl y and blood leaks backward instead of moving out of the heart in a one-way 
fl ow regime. Stenosis happens when leafl ets do not open wide enough and hence onl y 
a restri cted amount of blood can flow. To cure these problems al1ificial heart valves 
have been developed. There are two type of artificial healt valves: Mechanical and 
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Biological. Design and replacement of al1i ficial hemt va lve is a difficult process 
which needs precision and accuracy. Valve must be des igned in a way to prevent 
leakage and backflow. 
Problem delinition and modelling strategy 
Computer modelli ng can hel p in thi s respect provided that it is based on appropri ate 
mathematical model and accurate re liab le solution. So it is needed to fit a model to the 
problem and get a sati sfactory solution. 
Governing equations of elastic solid deformation 
For a purely elasti c solid 
! = lIl.a 
Reduces to L: 1 = 0 
Or incomponents forms ~()iJ + ! = 0 
CJx] 
()ij = -p6ij + Pi] 
() is the strain tensor. And if the matelial is incompressible the po isson's ratio is 
0.5 which means: 
'Vu. = 0 
U is the di splacement 
T ij = 2Geij 
G is the elastic ity modu lus 
P = -k('Vii) 
K is the bul k modu lus 
Specific finite element techniques such as the penalty method are well suited to 
Combine the desired set o f solid and fluid equation. 
Governing equation fluid motion, conservation of mass and momentum 
Introducing v as the fluid velocity, we can write the momentum equation fo r a 
fluid with density p in domain Q E 9\ with boundary r as 
CJv -p-+ p (v'Vv)= 'V.() + ! in Q 
CJt 
Where 
( : time 
() : Cauch y stress tensor and 
! : body forces per uni t of volume 
If incompressibi li ty of the fluid is assumed, conservati on of mass reduces to the 
continuity equation 
'V.v = 0 in Q 
The Cauchy stress tensor is written in terms of the hydrostati c pressure p and the 
ex tra stress tensor 1: , i.e.: 
a=-pl +f 
Constitutive equations 
If an inelastic generalized Newtonian flow behaviour is assumed, the Cauchy 
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stress tensor er can be written as 
(j = - pi + 27](y)D" 
Where 7] (y) is the shear-rate-dependent dynamic viscosity and D. denotes the rate 
of deformation tensor 
D. = ~ [\7v + (\7v)'J 
The shear rate parameter y must be defined in terms of the second invariant o f the 
rate of deformation tensor. For incompressible fluid tins is y = ~2D. : D. 
The Non-Newtonian behaviour of blood can be described very well with the 
Can eau -Yasuda model 
11-1 
[I + (Ayn Q 
With 7]0, 7]_ , A,a and n being paranwters of the model. For a time constant A = 0 
this model reduces to a simple Newtonirul model with 
TI(y) = Tlo 
-
Figure 1. Simnlated flow and solid deformation field 
Figure2. Simulated flow field through the valve opening 
...... - ....... " .... - .. _' 
Figure 3. Displacement of herut valve 
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Figure 5. Velocity vector pro~ile 
Figure 6. Fluid mesh 
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Conclusions 
Simulated results were hi ghly reli able, so Comsol Multyph ysics was fo und very 
successful in simulating fluid - structure interac tion. Comsol is very powerful in 
simulating fluid fl ow and solid deformati on, and so lving both equations 
simultaneously. 
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Heat1 valve ma lfunction is one of the most common afflictions of the cardiovascu lar 
system. In many case the replacement of the native valve with a mechanical heat1 
valve becomes necessary. 
Fluid-structure interaction simulation of heat1 valves present pat1icular difficulties due 
to the strong nature of the interaction and the large boundary displacements in vo lved 
[1 ,2,3]. In thi s work a set of equations for this purpose are constructed. The 
constructed mathematical model consists of the equations of continuity and moti on 
for the flow of blood through human heat1 and deformation of heat1 valve due to the 
pressure exet1ed on it. These equati ons are supplemented by appropriate constitutive 
equations which represent the stress/strain behaviour of healt va lve musc les. To 
simpli fy the model, b lood is considered to be a Newtonian fluid and the flow regime 
is assumed to be laminar. These mode l equations are complex P.D.E.s wh ich cannot 
be solved by exact analytical methods. Therefore we have used modem computer 
based finite e lement schemes to obtain numerical so lutions for them. These solutions 
therefore depend on di sc ritisation of the flow domain (i.e. heat1 valve region of flow) 
into a mesh of fi ni te elements. The solution of the equation are formu lated within 
each fi ni te cell and the overall results have been obtained via an assembly process [4]. 
The finite element simulations provide data regat'ding stress and deformations that 
affect heart valves during their operation. Such data provides a basis fo r the computer 
ai ded des ign and anal ys is of atti fi cial heal1 valves as well as insights which can be 
used in the treatment of di seases related to heart valves in efficiency. 
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Derivation of the working equations of the mathematical 
model described in the thesis 
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B.t. Governing equation of fluid-solid interaction 
These equation are derived using fundamental laws of physics and constitutive 
behaviour of fluid and solid respectively. We initially state these equation in their 
vector general form using vector notation. 
Later on in this chapter some aspect of these derivation and simplification used in this 
study are explained. 
The conservation of momentum, conservation of mass, constitutive law, and strain 
rate velocity equation of the fluid are: 
PF(v.'V)v-divO"F = IF in Q F (B. 1.1) 
V.v=O in Q F (B. 1.2) 
O"F=-pI+2PFd in Q F (B.1.3) 
1 d=-(Vv+VvT ) in Q F (B. 1.4) 2 
The constitutive law, equilibrium equation, and strain-displacement relation of the 
solid are given by: 
s = J.,tr(E)I + 2p,E in Q, (B.I.S) 
div[(I + 'Vu)S) = I, in Q, (B.I.6) 
1 E=-[Vu+Vu T +'VuVuT ) in Q, (B.I.7) 
2 
At the interface, coupling between fluid and solid requires that tractions and velocity 
be continuous: 
v=u=O 
(B.I.8) 
(B. 1.9) 
Here, u is the solid velocity, which is zero according to the steady nature of the 
problem. Thus we have a no-slip condition on fluid velocity at the interface. Finally, 
the boundary condition take the form 
O"FnF = tF on r' F (B. 1.10) 
[(I + Vu)S)no = t; on r' s (B.1.11) 
v=v on r 2 F (B. 1.12) 
u=u on r 2 s (B.1.13) 
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Here we have used the symbols divand 'il to denote the spatial divergence and spatial 
gradient, respectively. 
We now proceed to establish the variational form of the problem. Let us assume, for 
simplicity of presentation, that the fluid and solid do not experience body forces, and 
that the fluid and solid prescribed tractions are zero, i.e. IF' IS,tF and is are all zero. 
First, we substitute the strain rate-velocity relationship (B.1.4) into the fluid 
constitutive law (B.1.3), which is in turn substituted into the conservation of 
momentum equation (B.1.l). Then, mUltiplying the residual of the resulting equation 
by the test function w, integrating over the fluid domain, and applying Green's 
formula, we obtain the weak form of the conservation of momentum equation: 
(B.1.l4) 
Where 
(B.1.l5) 
b(p,w)=- f P'il.WdQF(U) (B. 1.l 6) 
"F 
c(v,v,w) = fPW.(v.'il)vdQF(U) (B.1.l7) 
"F 
And where the symbol: denote the scalar product of two tensors. Since we wish to 
consider problem in which the displacement of solid may be large enough to influence 
the flow, we indicate the dependence of the fluid domain on the solid displacement in 
the definition of the domain of integration of the bilinear functionals a(.,.) and b(.,.) 
and the trilinear functional c(.,.). The second term on the right side of (B.l.l4) can be 
written as: 
fW.UFndI'F(U) = fw.uFndI'~(u)+ fW.UFndI'i(u) (B.1.lS) 
ry r} r; 
We shall require that the test function w satisfy the homogeneous essential boundary 
condition v=O onn, implying that the second term on the right of (B.US) is zero. 
Furthermore, since iF is zero, and in light of (B. 1. 10), the first term on the right side 
of (B.l.lS) vanishes. Therefore, 
f w.uFndI'F(u) = 0 (B.1.l9) 
rF 
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Next, we write the conservation of mass equation in weak form by multiplying (B. 1.2) 
by the test function q and integrating over the domain of the fluid: 
f q'V.VdQF(U) = -b(q, v) = 0 (B.1.20) 
UF 
Again, note the dependence of the fluid domain, and thus weak form, on the solid 
displacement. 
The weak form of the solid equilibrium equation is established by first substituting the 
expression for the Green's strain tensor (B.I.7) into the constitutive law (B.I.5), and 
then substituting the resulting expression for the Piola-Kirchhoff stress into the 
equilibrium equation. Multiplying the residual of the resulting equation by the first 
function r, integrating over the domain, and applying Green's formula, we obtain the 
weak form ofthe displacement form of the equilibrium equation: 
f'Vr: [(1 + 'Vu)s(u)]dQ s = f r.[(1 + 'Vu)S(u)]nOdf'I, + f r.[(I + 'Vu)S(u)]nodf's 
Q s r/o r~ 
(B.I.21) 
Where the relationship between Piola-Kirchhoff stress and displacement is given by: 
S(u) = .!./ltr['Vu + 'VuT + 'Vu'VuT]1 + .u,['Vu + 'VuT + 'Vu'VuT] 
2 
(B.I.22) 
Notice that, since we are in a Lagrangian frame of reference, the unit normal is with 
respect to the undeformed geometry, and the interface is between fluid and 
undeformed solid, denoted r l ,. The solid boundary rs consists of the portion on 
which displacements are specified, r;, and the portion on which traction are specified 
, r~. Thus, the second term on the right of (B.1.21) can be written as: 
f r.[(1 + 'Vu)S(u)]nodf's = f T.[(1 + 'Vu)S(u)]nodf'~ + f r.[(1 + 'Vu)S(u)]nodf'; 
G ~ ~ 
(B. 1.23) 
Since t is zero, and right of (B.1.11), the first term on the right of this equation is 
zero. Furthermore, we shall require that the test function r satisfy the homogeneous 
essential boundary condition u=O on r;. Therefore, the second term vanishes over 
r; . Thus, 
f r.[(1 + 'Vu)S(u)]nodf's = 0 (B. 1.24) 
fs 
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He first tenn on the right of (B.1.21) can be transfonned geometry by noting that 
(1 + Vu)S = T , the Lagrangian stress tensor. The surface traction expressed in tenns 
of the Lagrangian stress at a point s' on the undefonned interface is identical to the 
surface traction expressed in tenns of the Eulerian stress at its images s' on the 
defonned interface. Thus, we may write: 
T(s')no (s') = IJ"s (s')n(s') 
Therefore, provided 
r(s') = w(s') 
(B. 1.25) 
(B. 1.26) 
i.e. the restriction of the test function r to the undefonned interface is equal to the 
restriction of w to the defonned interface, the first tenn on the right side of (B.1.21) 
can be written as 
I r.[(1 + Vu)S(u)]nodf/
o 
= I w·lJ"sndf/ (B.1.27) 
r10 r, 
To simplify the left side of (B.1.21), we separate S into SL, a tensor that depends 
linearly on displacement, and SN, one whose dependence is nonlinear, in fact 
quadratic: 
SL = Atr(Vu)! + p, (Vu + Vu T ) 
SN = l.Atr(VuV UT)! + Ps (VuVu T) 
2 
(B. 1.28) 
(B.1.29) 
So that (B.1.22) can be rewritten as S = S L + S N • Thus, the domain integral on the 
left side of (B.1.21) can be rewritten as the sum of tenns that depend linearly, 
quadratically, and cubically on the derivatives of u : 
IVr: [(1 + Vu)S(u)]dQ s = d(u,r) +e(u,u,r) + f(u,u,u,r) (B.1.30) 
Il, 
Where 
d(u,r) = IVr: SL(u)dQ s (B.1.31) 
Il, 
e(u,u, r) = I Vr: [SN (u) + VuS L (u)]dQ s (B.1.32) 
Il, 
And 
f(u,u,u,r) = IVr: [VuS N (u)]dQ s (B. 1.33) 
Ils 
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The condition of continuity of interface tractions can now be imposed. Adding 
equations (B.1.14) and (B.l.2l), and making use of (B.1.19), (B.l.24) and (B.l.27) 
gives: 
a(v, w) +b(p, w) + c(v, v, w) + d(u,r) +e(u,u,r) + f(u,u,u, r) = f W·(iJ"F·nl, + iJ"S.n1)df'1 (u) 
r, 
(B.l.34) 
The right side of this equation is just zero, in view of the continuity of traction 
condition (B. 1.8). 
We are in position now to state the unified variational fonn of the viscous flow-finite 
elasticity interaction problem: 
Find VE H~(Q),pE L2(Q) and UE H~(Q) such that: 
a(v, w) +b(p, w) +c(v, v, w) + d(u,r) +e(u,u,r) + f(u,u,u,r) = 0 
For all WE H~(QF)and rE H~(Qs) (B.l.35) 
b(q,v)=O for all qE L2(QF) 
Where the functionals a(.,.),b(.,.),c(.,.),d(.,.),e(.,.), and f(.,.) are defined by 
expressions (B.1.15), (B.1.l6), (B.1.l7), (B.l.3l), (B.l.32) and (B.l.33), respectively. 
Here,H~(QF) is the Sobolev subspace of all functions having one square integrable 
derivative over Q F and that vanish on r; and outside of QF' L\QF) is the space of 
function that are square integrable over Q F and that vanish outside of Q F' and 
H~(Qs)is the Sobolev subspace of all functions having square integrable derivative 
over Q s and that vanish on r; and outside of Q s . The essential boundary conditions 
v = v and u = ii must be enforced on r; and r;, respectively, as must the no-slip 
condition v = 0 on r1 • 
3. finite element approximation 
Let us define the finite element approximation v h ' Ph' and u h : 
.' 
V h = L91,{x)v, (B.l.36) 
i=1 
.' 
Ph = LXj{X)Pj (B.l.37) 
j=i 
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n" 
Uh = L:'¥k(xluk (B.1.38) 
k=l 
Where Vi' Pi and u k are approximation of velocity, pressure and displacement at 
nodes I, j, and k, respectively. The basis function families <Pi' Xi and '¥k define 
finite element spaces V h ' Ph' and U h for velocity, pressure, and displacement, 
respectively: 
(B.1.39) 
(B. 1.40) 
U h = span{,¥, , ... , '¥ " } 
n 
(B. 1.41) 
Let Vh C H~(QF)' P hC L2 (QF)' and Uh C H~(Q,), i.e. the finite element spaces 
V h ' Ph' and U h are subspaces ofthe finite dimensional spaces in (B.1.35). In order 
to satisfy the condition (B.l.26), we require that fluid velocity and solid displacement 
shape functions be identical, when restricted to the interface between solid and fluid. 
An example of this is given by combining quadratic triangles in the solid with the 
Taylor-Hood element in the fluid. The Taylor-Hood element employs a quadratic 
approximation of velocity in conjunction with a linear approximation of pressure; 
thus, solid displacement and fluid velocity shape functions are identical on the 
interface. 
Applying the Galerkin method to the problem (B.l.35) yields the discrete 
problem: 
Find v hE Vh, PhE Ph' and UhE Uh such that 
for all w hE Vhandrh E Sh (B.1.42) 
and 
for all q E Ph 
The discrete problem (B. 1.42) is a system of nonlinear algebraic equation. To show 
the explicit form of these equations, let us first distinguish between nodes lying in the 
interior and those on the interface. Let 
nP-nP+n P 
- F I (B. 1.43) 
B7 
Apvendix B 
Where the subscript F indicates the number of nodes belonging strictly to the fluid 
domain, S the number of nodes belonging strictly to the solid domain, and I the 
number of nodes belonging to the interface. So, for example, the n' velocity nodes 
are composed of n ~ fluid domain nodes as well as n; interface nodes. Notice that the 
satisfaction of condition (B.1.26) implies that the number of velocity and 
displacement interface nodes are equal. Let us call this number n / : 
(B.1.44) 
Let the fluid velocity nodes be ordered such that nodes 1, ... , n / lie on the interface 
and n / + 1, ... , n" lie in the fluid domain as well as that portion of the fluid boundary on 
which tractions are prescribed. Similarly, the solid displacement nodes are ordered 
such that nodes of the solid boundary on which traction are prescribed. 
We are able now to elucidate the structure of the discrete problem (B.1.42). In the 
fluid, we have the n ~ discrete conservation of momentum equations 
Ia(<v;o<v/)v; + ~)(Xj'<V/)Pj + Ic(<v;o<V,,<v/?;V, =0 I =n/ +l, ... ,n" (B.1.45) 
i=1 j=l ;,r=1 
And the n ~ discrete conservation of mass equations 
Ib(Xm,<v;)v; =0 m= n f +l, ... ,n P (B. 1.46) 
i=1 
In the solid, the n ~ discrete equilibrium equations are given by 
~ ~ ~ 
Ld('I'k,'I'.)Uk + Le('I'k,'I',,'I'n)uku, + Lf('I'k,'I'"'I',,'I'nPk'u,,u, =0 
k=1 k,.s=l k,s ,1=1 
N=n / + l, ... ,n" (B.1.47) 
Finally, on the interface, we have the n / discrete traction continuity equations: 
nY nP nU nN nil 
La(<V;o<vJ; + Lb(X j,<Vy)Pj + LC(<vA,,<vy ~;V, + Ld('I'k' 'I'Y~k + Le('I'k' 'I'" 'I'y ~kU, 
i=1 j=! i,r=i k=1 k,s=1 
n' 
+ Lf('I'k,'I',,'I',,'I'Y~ku,u, =0 
k,s,t=1 
for y = 1 •...• n/ (B.1.4S) 
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and the n{ discrete conservation of mass equations 
,. 
2)(XZ,~,)Vi =0 z =l, ... ,nr (RL49) 
i=l 
Let us define vectors of unknown nodal quantities: let v F E 9\" represent the fluid 
nodal velocities, PF E 9\" the fluid pressures, v [E 9\'1 the interface velocities, 
p [E 9\" the interface pressure, u ,E 9\'; the solid displacements, and u [E 9\" the 
interface displacements. We can rewrite the discrete equations (B.L4S)-(B.L49) 
symbolically as 
h~(vF ,PF' vl'P[ ,u[) = 0 
h:(vF,vl'u[)=O 
h~(u"u[)= 0 
h [(vp PF' vl'Pl'u, ,u[ ) = 0 
hf(vF,vl'u[)=O 
(B.1.S0) 
where h ~E 9\" represents conservation of momentum in the fluid, h:E 9\" 
conservation of mass in the fluid, h ~E 9\'; equilibrium in the solid, h [E 9\" 
continuity of interface tractions, and h fE 9\" conservation of mass on the interface. 
It appears that we have n' +n P +n U -n[ equations in n v +n P + nU unknowns. However, 
the continuity of interface velocity condition (B.L9) implies that v [= 0, and we are 
thus left with an equal number of equations and unknowns upon enforcing this 
condition in (R1.50). 
Note that, in addition to h ~, the fluid and interface residuals h ~, h;, h{, and h [ 
depend on the interface displacement u [ . This is implied in the domain of integration 
of the functionals a(. , .) (15), b(. , .) (16), and c(. , .,.) (17), i.e. in the dependence of 
the flow on the interface geometry. 
4. Solution of the discrete system 
We discus in this section a Newton-like method for solving the system of nonlinear 
algebraic equation (B. 1.50). Our discussion will be kept brief; a more extensive 
discussion of this and other solution method for finite element approximation of 
viscous flow-finite elasticity interaction will be presented in the future. 
Let us first begin by rewriting (B. 1.50) as 
B9 
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hi (X F ,X S ,XI) = 0 
where 
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(B.1.51) 
(B. 1.52) 
Note that the fluid equation hF = 0 include the equations for conservation of mass on 
the interface, h{ = 0, and the fluid variable xF include the interface pressures PI' 
Accordingly, the interface variables consist only of the interface displacements. The 
reason for this choice of partitioning will become apparent. 
Newton's method for the nonlinear system h(x)=O consists of iterating on solution of 
the linear system 
J (xk )(Xk+1 - Xk) = _h(Xk) (B.1.53) 
Until convergence, given an initial iterate XO • Here, J is the Jacobean of h with respect 
to x. A Newton step for the discrete system (B.1.51) takes the form: 
o 
(B. 1.54) 
where 
(B.1.55) 
Here, the superscript k indicates evaluation of the residual h and the Jacobean J at the 
point Xk , and the interface-interface coupling matrix J 11 includes contributions from 
both solid and fluid: 
(B.1.56) 
The Newton iteration (B.1.54) entails two difficulties. First, the Jacobean matrix, 
because of the disparity between fluid and solid behaviour, can be very ill-
conditioned. Second, the coupling terms between fluid and interface variables in 
general render the matrices J FT and J 11, dense. The density of these matrices is a 
consequence of the dependence of the domains of integration of a(.,.), b(.,.) and c(.,.) 
on the interface displacements. In the case of J FT' all fluid nodal velocities and 
pressures may be coupled to all interface nodal displacements, since a change in any 
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interface displacement potentially moves fluid mesh everywhere. The matrix 
Ju derives its density from the fact that the interface traction continuity equation , 
CB.1.48) includes contributions from the first layer of fluid elements, which change 
with a movement in the interface. Thus, the potential exists for coupling between all 
interface variables. J 11, contains nonzero contributed by the solid terms in (B48), i.e. 
the terms involving dC.,.), eC.,.) and fC.,.). These are just the standard solid stiffness 
matrix coupling terms, so the coupling is local in nature. 
The exact sparsity pattern depends on the moving mesh scheme employed, but in 
general, the storage requirements and arithmetic complexity associated with J F/ and 
Ju, can be quite severe. Therefore, we consider an approximate Newton's method 
obtained by ignoring the fluid-interface coupling matrix J F/ and the contribution of 
the fluid to the interface-interface coupling matrix, J ll,' The resulting Jacobean in 
CB.l.S4) becomes block-lower triangular. Thus, the fluid variables can be found by 
solving the linear system 
CB.l.S7) 
for I'lxF • The change in the displacements C both interior and interface) can then be 
found by solving: 
(B.l.S8) 
This method avoids the ill-conditioning associated with the coupled problem by 
employing a "domain decomposition" into separate fluid and solid subdomains. Large 
storage requirements associated with geometric coupling matrices are avoided by 
ignoring these terms while constructing the Jacobean. However, since the residual in 
(B.l.S4) is calculated correctly, we are guaranteed that if the method converges, it 
must converge to the correct solution. This can be seen from (B.l.S3): the only way 
that I'lx can be zero is for h to be zero, provided only that J is non-singular, regardless 
of whether or not it represents the true Jacobean. The price we pay for this 
approximate Jacobean is that we must give up the Newton guarantee for local 
quadratic convergence. 
We now establish that the modified Jacobean id indeed non-singular. First the fluid 
step CB.l.S7) can be seen to be just a Newton step for the NaviecStokes equations, 
with a rigid boundary given by the current deformed interface, and a no-slip boundary 
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condition imposed on the interface. Thus, the linear system (B.1.57) has a unique 
solution (provided of course that we are away from singular bifurcation or turning 
points). Second, the solid step (B.1.58) can also be regarded as a Newton step for the 
solid equilibrium equation. The term J;Fl'uF is the incremental "loading" that the 
linearized fluid induces on the solid interface. So this linear step too musthave a 
unique solution (provided again we are away from buckling points). Thus, the 
solution of (B.1.54) is unique, and the approximation Jacobean is non-singular. 
We stress that this decoupling is a numerical device to remedy the twin problems of 
ill-conditioning and storage and arithmetic complexity. The residual equation h=O still 
contain the correct variational coupling between fluid and solid, and the solution 
reflects that - only the convergence rate to the solution is affected. 
B12 
Avpendix B 
B.2. Particle transport model 
After the application of the Reynolds transport theorem (Aris, 1989) a variational 
statement for the Fokker-Plank equation is obtained. This statement is written as: 
t~+1 J N(p )"+1 dQn+l - J N(p)" dQn = J J N[V.(B. Vp )}iQ,dt (B.2.1) 
.Gn1"1 {JII tn Of 
where N is a trial function and Qn+l,Qn are the domains occupied by the particle at 
time levels tn+1 and tn, respectively. After the application of integration by parts to the 
right hand side of equation (B.2.1) and assuming that there is no flux across the 
boundary of the location of a particle's neighbourhood, that is setting: 
J Nn.B.V pdF = 0 (B.2.2) 
r 
where r is the domain boundary. We get 
',,+. 
IN(pt'dQn+, - IN(p)"dQn =-J JVN(B.Vp)dQ,dt (B.2.3) 
Temporal discretization of equation (B.2.3) can be carried out using the implicit B-
method (Nassehi, 2002). This gives: 
I(M~+l + B"'tnK~+' Xp )~+I = I[M~ - (I-B)tJ.tnK~ Ip)~ (B.2.4) 
J J 
where J is the row index. If an ordinary finite element techniques is used to solve this 
equation then J is also the index of the weight functions used in the derivation f the 
weighted residual finite element statement of the Fokker-Plank equation. A 
summation over this index indicates assembly of the elemental stiffness equations. 
Index I represents the numbers of nodal degrees of freedom in the finite elements used 
for the discretization. Using Co tensor product Lagrange elements a field variable can 
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9 
be represented, say, by bi-quadratic shape functions as ] = L f[N[ ,where NI are 
1=1 
the shape functions. In the Galerkin method the weight functions are the same as the 
shape functions and, hence, M ;/1 and M;] are mass matrices at time levels tn+l and 
tn, respectively, given as 
(B.2.S) 
K n+1 Kn and JJ' JJ are the stiffness matrices corresponding to the diffusivity tensor 
written as: 
K~+I = JVN[.B'+I.'5?N,dQ,+, andK;, = J'5?N[.B'.VN,dQ, (B.2.6) 
On+l an 
(p );+1 are the point-wise values in fixed finite element mesh at time level tn+1 and 
(p); are the corresponding nodal values at the updated mesh (constructed by shifting 
the original mesh points in a Lagrangian framework) at time level tn. However, the 
solution becomes particularly simple using the coordinate transformation scheme 
developed in this project. The reason for this simplification is that the double integral 
appearing in the right hand side of equation (B.2.3) can be evaluated ( as the 
diffusivity matrix in the transformed domain is known to be the unity matrix). 
Therefore in order to find the probability density of a existence of a particle at a point 
we only need to find the numerical value of this integral and the second integral in the 
left hand side of equation (B.2.3). The entire process of solving the Pokker-Plank 
equation is therefore reduced to the updating of the probability density function via 
equation (B.2.3) on a point to point basis. 
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